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Aleks Kleyn
Abstract. The concept of F-algebra and its representation can be extended
to an arbitrary bundle. We define operations of fibered F-algebra in fiber.
The paper presents the representation theory of of fibered F-algebra as well as
a comparison of representation of F-algebra and of representation of fibered
F-algebra.
Theory of representation of algebra has long and extensive history. During XX
century representation theory became an integral part of different applications.
Transition from algebra to algebra bundle opens new opportunities. I have ventured
to write this paper where I want to discover new properties of algebra bundle.
Since a cut of the bundle may be not defined on the whole bundle, all state-
ments assume a specific domain. Such statements are modelled on statement about
existance of trivial tangent bundle on manifold.
However there exists other group of statements restricting the domain of fibered
F -algebra. I give appropriate examples in the text. The explanation follows.
We suppose that transormation of fiber caused by parallel transfer is one-to-one
map. Continuously moving along base, we continuously move from one fiber to
other. Assumption that map between fibers is homeomorphism waranties continu-
ous deformation of fiber.
If we choose the point in fiber, then the trajectory of its movement when its
projection moves along base is parallel to base. In differential geometry such lines
are called horisontal. We also will use this definition.
Since we assume that there is structure of F -algebra on fiber, then we expect that
corresponding map is isomorphism of F -algebra. Continuity allows to save consid-
ered structures when we use parallel transfer, it allows to make smooth transfer
from fiber to fiber.
This picture works well in the small. When we consider finite intervals on base,
continuity becomes responsible for impossibility to extend the structure of F -alge-
bra as far as we please. For instance, there may apear points where homeomorphism
is broken. It happens when horizontal lines have intersection or topological prop-
ertyes of fiber change. Corresponding fiber is called degenerate, and its projection
is called point of degeneracy.
It is not easy to say how many points of degeneracy there are. It is clear by
intuition that this set is small in comparison with the base. However, this set may
prove to be essential for the study of geometry of bundles or physical processes
associated with this bundle.
The problem to extend the solution of differential equation is one of such events
in the theory of differential equations. At the same time, there exist two types of
Key words and phrases. differential geometry, bundle, algebra.
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solution of differential equation. Regular solution belongs to family of functions
dependent on arbitrary constants. Singular solution is envelope of family of regular
solutions.
The problem of describing fibers of bundle, regardless whether they are degen-
erate or not, has an interesting solution. Any path on the base of bundle is map of
interval I = [0, 1] into base of bundle. Let us assume that fibers of bundle are not
homeomorphic, but homotopic.
The holonomy group of bundle also has constrains for structure of fibered F -
algebra A = p[A]. It is natural to assume that using parallel transfer we have
homomorphism of F -algebra from one fiber into another. Therefore, we assume
that transformation caused by parallel transfer along loop is homomorfism of F -
algebra. Thus, everything is fine when the holonomy group of bundle A is subgroup
of group of homomorphisms of F -algebra A. In this case fibered F -algebra A is
called holonomic. Otherwise fibered F -algebra A is called anholonomic.
From theory of vector bundles we know that there exist fibered F -algebra which
is not holonomic. At the same time, the theory of vector bundles has answer how
we can work with anholonomic fibered F -algebra.
We apply this remark also to the theory of representations of fibered F -algebra.
A new design is illustrated through the use of corresponding diagrams.
Where it is possible I use the same notation for operations and relations as we
use them in the set theory. It does not bring to ambiguity because we use different
notation for set and bundle. I use the same letter in different alphabets to denote
bundle and fiber.
We assume that projection of bundle, section and fibered map are smooth
maps.
1. Bundle
Let M be a manifold and
(1.1) p[E] : E //___ M
be a bundle over M with fiber E.1 The symbol p[E] means that E is a typical
fiber of the bundle. Set E is domain of map p[E]. Set M is range of map p[E]. We
identify the smooth map p[E] and the bundle (1.1). Denote by Γ(p[E]) the set of
sections of bundle p[E].
Cartesian power A of set B is the set BA of mappings f : A→ B ([5], page
5). Let us consider subsets of BA of the form
WK,U = {f : A→ B|f(K) ⊂ U}
whereK is compact subset of space A, U is open subset of space B. SetsWK,U form
base of topology on space BA. This topology is called compact-open topology.
Cartesian power A of set B equipped by compact-open topology is calledmapping
space ([6], page 213).
According to [6], . 214, given spaces A, B, C, D and mappings f : A → C,
g : D → B we define morphism of mapping spaces
gf : DC → BA
1Since I have deal with different bundles I follow next agreement. I use the same letter in
different alphabets for notation of bundle and fiber.
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by law
gf (h) = fhg h :C → D gf (h) :A→ B
Thus, we can represent the morphism of mapping spaces using diagram
A
f //
gf (h)

C
h

B Dg
oo
Set Γ(E) is subset of set EM . This is why for set of sections we can use definitions
established for mapping set. This is why for set of sections we can use methods
defined for mapping space. We define sets WK,U by law
WK,U = {f ∈ Γ(E)|f(K) ⊂ U}
where K is compact subset of space M , U is open subset of space E .
Remark 1.1. I use arrow //___ to represent projection of bundle on diagram. 
Remark 1.2. I use arrow // to represent section of bundle on diagram. 
Let f be a fibered map from E to E ′
E
p[E]



f // E ′
p′[E′]



M
F // M ′
The map F is the base of map f . The map f is the lift of map F .
Suppose map F is bijection. Then the map f defines morphism fF
−1
of spaces
of sections Γ(p[E])) to Γ(p′[E′]))
E
f // E ′ u′ = fF
−1
(u) = fuF−1
M
u
OO
F // M ′
u′
OO
fF
−1
+3
It is enough to prove continuity of F−1 to prove continuity of u′. However this is
evident, because F is continuous bijection.
Since F = id, then id−1 = id. In this case we use notation f id for morphism of
spaces of sections. It is evident, that
f id(u) = fu
2. Cartesian Product of Bundles
Remark 2.1. Let A1 × ...×An be Cartesian product of sets A1, ..., An
A1 × ...×An
pn
&&LL
LLL
LLL
LLLp1
xxrrr
rrr
rrr
rr

A1 ... An
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According to [1] we can represent the map
f : A→ A1 × ...×An
as tuple f = (f1, ..., fn) where fi = fpi
A
f //
f1
  @
@@
@@
@@
@
fn
99
A1 × ...×An
pn
&&LL
LLL
LLL
LLLp1
xxrrr
rrr
rrr
rr

A1 ... An

Let pi[Ei] : Ei //___ Mi , i = 1, ..., n be the set of bundles. For any i let {Uiαi}
be a cover ofMi such that for any Uiαi there exists a local chart ϕiαi of the bundle
pi[Ei]
Uiαi × Ei
ϕiαi //
$$J
J
J
J
J
Ei|Uiα
{{x
x
x
x
Uiαi
Definition 2.2. For any point xi ∈Mi there exist open set Uiαi , i = 1, ..., n such,
that xi ∈ Uiαi . By (xi, ai), xi ∈ Uiαi , ai ∈ Ei denote a point of set Ei|Uiαi . For
tuple α = (α1, ..., αn) we introduce trivial bundle
eα : Eα //___ Uα = U1α1 × ...× Unαn
with Eα consisting of tuples (x1, ..., xn, a1, ..., an). Cartesian product
∏n
i=1 Ei is a
fiber of this bundle. Cartesian product
∏n
i=1 Uiαi is a base of this bundle. 
Continuity of projection of this bundle follows from Corollary 1 of Proposition
1 ([8], page 44).
To define a bundle over manifold
∏n
i=1Mi, we need to define gluing functions.
Let ψiαiβi be gluing functions of bundle pi[Ei]
Uiαi × Ei
ϕiαi //
(pi,ψiαiβi )

Ei|Uiαi
ψiαiβi

Uiβi × Ei
ϕiβi // Ei|Uiβi
Suppose Uα ∩ Uβ 6= ∅. Then we define gluing function using diagram
Uα × E1 × ...× En
id //
(p,ψ
1α1β1
,...,ψnαnβn )

E|Uα
ψαβ

Uβ × E1 × ...× En
id // E|Uβ
Bundle
p1[E1]× ...× pn[En] =
n∏
i=1
pi[Ei] = p[
∏n
i=1Ei] : E
//___ M
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is called Cartesian product of bundles pi[Ei]. We also speak that the total
space E is Cartesian product of total spaces Ei and use notation
E = E1 × ...× En =
n∏
i=1
Ei
Remark 2.3. According to remark 2.1 we can represent a section of Cartesian prod-
uct of bundles p1[E1]× ...× pn[En] as tuple of sections a = (a1, ..., an). 
We will use following diagrams to represent Cartesian product of bundles
E
pn

I
C
;
4
/
*
&
p1

u
{






×...×
M1 ... Mn
E
pi
Q
n
i=1






Mi
On the diagram, the arrows connected by either symbol × or
∏
denote the arrow
corresponding to projection of bundle E . The notation is intended to show the
structure of map.
Product of any two fibers is defined in the Cartesian product of bundles. As
we see below, such bundle reproduces the structure of the base. This substantially
restricts the application of Cartesian product of bundles.
3. Reduced Cartesian Product of Bundles
Since bundles are defined over common base we can change definition of Carte-
sian product of bundles.
Let pi[Ei] : Ei //___ M , i = 1, ..., n be the set of bundles over manifoldM . For
any i let {Uiαi} be a cover of M such that for any Uiαi there exists a local chart
ϕiαi of the bundle pi[Ei]
Uiαi × Ei
ϕiαi //
$$J
J
J
J
J
Ei|Uiα
{{x
x
x
x
Uiαi
Definition 3.1. For any point x ∈M there exist open sets Uiαi , i = 1, ..., n such,
that x ∈ Uiαi . By (x, ai), x ∈ Uiαi , ai ∈ Ei denote a point of set Ei|Uiαi . For
tuple α = (α1, ..., αn) we introduce trivial bundle pα : Eα //___ Uα =
⋂n
i=1 Uiαi
with Eα consisting of tuples (x, a1, ..., an). Cartesian product
∏n
i=1Ei is a fiber of
this bundle. The set Uα is a base of this bundle. 
According to definition, we can represent the bundle over set Uα as
Uα ×
n∏
i=1
Ei
According to [8], page 44, given U belongs to the base of topology of space Uα,
then U ×
∏n
i=1 Ei belongs to the base of topology of space Eα. We can represent
5
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set U as U = ∪i∈IUi, where Ui belong to the base of topology of space M , if U is
open set of space M . Accordingly, the set
p−1α (U) = U ×
n∏
i=1
Ei
can be represented as
p−1α (U) =
⋃
i∈I
(Ui ×
n∏
i=1
Ei)
and it is an open set. Therefore, projection pα is continuous mapping.
To define a bundle over manifold M , we need to define gluing functions. Let
ψiαiβi be gluing functions of bundle pi[Ei]
Uiαi × Ei
ϕiαi //
(pi,ψiαiβi )

Ei|Uiαi
ψiαiβi

Uiβi × Ei
ϕiβi // Ei|Uiβi
Suppose Uα ∩ Uβ 6= ∅. Then we define gluing function using diagram
Uα × E1 × ...× En
id //
(p,ψ
1α1β1
,...,ψnαnβn )

E|Uα
ψαβ

Uβ × E1 × ...× En
id // E|Uβ
Bundle
p1[E1]⊙ ...⊙ pn[En] =
n⊙
i=1
pi[Ei] = p[
∏n
i=1Ei] : E
//___ M
is called reduced Cartesian product of bundles pi[Ei]. We also speak that the
total space E is reduced Cartesian product of total spaces Ei and use notation
E = E1 ⊙ ...⊙ En =
n⊙
i=1
Ei
Remark 3.2. According to remark 2.1 we can represent a section of reduced Carte-
sian product of bundles p1[E1]⊙ ...⊙pn[En] as tuple of sections a = (a1, ..., an). 
We will use following diagrams to represent reduced Cartesian product of bundles
E
pn
~~
>
4
)




 
p1
  
 



)
4
>
⊙...⊙
M
E
pi
J
n
i=1






M
On the diagram, the arrows connected by symbol ⊙ denote the arrow corresponding
to projection of bundle E . The notation is intended to show the structure of map.
In reduced Cartesian product we define product of fibers over selected point.
This makes the structure of product more rich.
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Definition 3.3. For n ≥ 0 we define Cartesian power of bundle2{
p[E]0 = id :M //___ M n = 0
p[E]n =
⊙n
i=1 p[E] : E
n //___ M n > 0

4. Fibered F-Algebra
Definition 4.1. An n-ary operation on bundle p[E] is a fibered map
f : En → E
n is arity of operation. 0-arity operation is a section of E . 
We can represent the operation using the diagram
En
ω //
p
~~
=
3
)




p
  



)
3
=
E
p







⊙
...
⊙ ω "*
M
id // M
Theorem 4.2. Let U be an open set of base M . Suppose there exist trivialization
of bundle p[E] over U . Let x ∈M . Let ω be n-ary operation on bundle p[E] and
ω(p1, ..., pn) = p
in the fiber Ex. Then there exist open sets V ⊆ U , W ⊆ E, W1 ⊆ E1, ..., Wn ⊆ En
such, that x ∈ V , p ∈ W , p1 ∈W1, ..., pn ∈Wn, and for any x′ ∈ V , p′ ∈ W ∩ωV
there exist p′1 ∈W1, ..., p
′
n ∈Wn such, that
ω(p′1, ..., p
′
n) = p
′
in the fiber Ex′ .
Proof. According to [8], page 44, since V belongs to the base of topology of space U
andW belongs to the base of topology of space E, then set V ×W belongs the base
of topology of space E . Similarly, since V belongs to the base of topology of space
U and W1, ..., Wn belong to the base of topology of space E, set V ×W1× ...×Wn
belongs the base of topology of space En.
Since mapping ω is continuous, then for an open set V ×W there exists an open
set S ⊆ En such, that ωS ⊆ V ×W . Suppose x′ ∈ V . Let (x′, p′) ∈ ωS be an
arbitrary point. Then there exist such p′1 ∈ Ex′ , ..., p
′
n ∈ Ex′ , that
ω(p′1, ..., p
′
n) = p
′
in fiber Ex′ . According to this there exist sets R, R
′ from base of topology of space
U , and sets T1, ..., Tn, T
′
1, ..., T
′
n from base of topology of space E, such that
x ∈ R, x′ ∈ R′, p1 ∈ T1, p′1 ∈ T
′
1, ..., pn ∈ Tn, p
′
n ∈ T
′
n, R × T1 × ... × Tn ⊆ S,
R′×T ′1× ...×T
′
n ⊆ S. We proved the theorem sinceW1 = T1∪T
′
1, ...,Wn = Tn∪T
′
n
are open sets. 
2Since I use definition of Cartesian power of bundle only in frame of reduced Cartesian product,
I do noot use respective adjective for power. I use this remark for all following definitions related
to Cartesian power of bundle.
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Theorem 4.2 tells about continuity of operation ω, however this theorem tells
nothing regarding sets W1, ..., Wn. In particular, it is possible that these sets are
not connected.
We suppose W = {p}, W1 = {p1}, ..., Wn = {pn}, if topology on fiber A is
discrete. This leads one to assume that in the neighborhood V the operation does
not depend on a fiber. We call the operation ω locally constant. However, it is
possible that a condition of constancy is broken on bundle in general. Thus the
covering space R→ S1 of the circle S1 defined by p(t) = (sin t, cos t) for any t ∈ R
is bundle over circle with fiber of group of integers.
Let us consider the alternative point of view on the continuity of operation ω
to get a better understanding of role of continuity Let us consider the continuity
of operation ω to better see what does it mean. We need to consider sections,
if we want to show that infinitesimal change of operand when moving along base
causes infinitesimal change of operation. This change is legal, because we defined
operation on bundle in fiber.
Theorem 4.3. An n-ary operation on bundle maps sections into section.
Proof. Suppose f1, ..., fn are sections and we define map
(4.1) f = ωid(f1, ..., fn) : M → E
as
(4.2) f(x) = ω(f1(x), ..., fn(x))
Let x ∈ M and u = f(x). Let U be a neighborhood of the point u in the range of
the map f .
Since ω is smooth map, then according to [8], page 44, for any i, 1 ≤ i ≤ n the
set Ui is defined in the range of section fi such, that
∏n
i=1 Ui is open in the range
of section (f1, ..., fn) of the bundle En and
ω(
n∏
i=1
Ui) ⊆ U
Let u′ ∈ U . Since f is a map, then there exist x′ ∈ M such that f(x′) = u′.
From equation (4.2) it follows that there exist u′i ∈ Ui, p(u
′
i) = x
′ such, that
ω(u′1, ..., u
′
n) = u
′. Since fi is a section, then there exist a set Vi ⊆ M such, that
fi(Vi) ⊆ Ui and x ∈ Vi, x′ ∈ Vi. Therefore, the set
V = ∩ni=1Vi
is not empty, it is open in M and x ∈ V , x′ ∈ V . Thus the map f is smooth and f
is the section. 
We can represent the operation using the diagram
En
ω // E
×...×
ωid
"*
M
a1
>>
an
``
id // M
OO
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Theorem 4.4. ωid is continuous on Γ(E).
Proof. Let us consider a set WK,U , where K is compact set of space M , U is open
set of space E . We can represent set U as V ×E, where V is open set of space M ,
K ⊂ V . ω−1(V × E) = V × En is open set. Therefore,
(4.3) (ωid)−1WK,V×E =WK,V×En
From (4.3) continuity of ωid follows. 
Definition 4.5. Let A be F -algebra ([2]). We can extend F -algebraic structure
from fiber A to bundle p[A] : A //___ M . If operation ω is defined on F -algebra
A
a = ω(a1, ..., an)
then operation ω is defined on bundle
a(x) = ω(a1, ..., an)(x) = ω(a1(x), ..., an(x))
We say that p[A] is a fibered F-algebra. 
Depending on the structure we talk for instance about fibered group, fibered
ring, or vector bundle.
Main properties of F -algebra hold for fibered F -algebra as well. Proving appro-
priate theorems we can refer on this statement. However in certain cases the proof
itself may be of deep interest, allowing a better view of the structure of the fibered
F -algebra. However properties of F -algebra on the set of sections are different from
properties of F -algebra in fiber. For instance, if the product in fiber has inverse ele-
ment, it does not mean that the product of sections has inverse element. Therefore,
fibered continuous field generates ring on the set of sections. This is the advantage
when we consider fibered algebra. I want also to stress that the operation on bundle
is not defined for elements from different fibers.
Let transition functions gǫδ determine bundle B over base N . Let us consider
maps Vǫ ∈ N and Vδ ∈ N , Vǫ ∩ Vδ 6= ∅. Point q ∈ B has representation (y, qǫ) in
map Vǫ and representation (y, qδ) in map Vδ. Therefore,
pα = fαβ(pβ)
qǫ = gǫδ(qδ)
When we move from map Uα to map Uβ and from map Vǫ to map Vδ, representation
of correspondence changes according to the law
(x, y, pα, qǫ) = (x, y, fαβ(pβ), gǫδ(qδ))
This is consistent with the transformation when we move from map Uα×Vǫ to map
Uβ × Vδ in the bundle A× B.
Theorem 4.6. Let transition functions fαβ determine fibered F-algebra p[A] : A //___ M
over base M . Then transition functions fαβ are homomorphisms of F-algebra A.
Proof. Let Uα ∈M and Uβ ∈M , Uα ∩ Uβ 6= ∅ be neighborhoods where fibered F -
algebra p[A] is trivial. Let
(4.4) aβ = fβα(aα)
9
Fibered F -Algebra
Aleks Kleyn
be map from bundle p[A]|Uα into bundle p[A]|Uβ . Let ω be n-ary operation and
points e1, ..., en belong to fiber Ax, x ∈ U1 ∩ U2. Suppose
(4.5) e = ω(e1, ..., en)
We represent point e ∈ p[A]|Uα as (x, eα) and point eip[A]|Uα as (x, eiα). We
represent point e ∈ p[A]|Uβ as (x, eβ) and point ei ∈ p[A]|Uβ as (x, eiβ). According
to (4.4)
(4.6) eβ = fβα(eα)
(4.7) eiβ = fβα(eiα)
According to (4.5), the operation in the bundle Ax over neihgborhood Uβ is
(4.8) eβ = ω(e1β , ..., enβ)
Substituting (4.6), (4.7) into (4.8) we get
fβα(eα) = ω(fβα(e1α), ..., fβα(enα))
This proves that fβα is homomorphism of F -algebra. 
Definition 4.7. Let p[A] : A //___ M and p′[A′] : A′ //___ M ′ be two fibered
F -algebras. Bundle map
f : A → A′
is called homomorphism of fibered F-algebra if respective fiber map
fx : Ax → A
′
x′
is homomorphism of F -algebra A. 
Definition 4.8. Let p[A] : A //___ M and p′[A′] : A′ //___ M ′ be two fibered
F -algebras. Homomorphism of fibered F -algebras f is called isomorphism of
fibered F-algebras if respective fiber map
fx : Ax → A
′
x′
is isomorphism of F -algebra A. 
Definition 4.9. Let p[A] : A //___ M be an F -fibered F-algebra and A′ be F -
subalgebra of the F -algebra A. An fibered F -algebra p[A′] : A′ //___ M is a
fibered F-subalgebra of the fibered F -algebra p[A] if homomorphism of fibered
F -algebras A′ → A is fiber embedding. 
The homomorphism of fibered F -algebra is essential part of this definition. We
can break continuity, if we just limit ourselves to the fact of the existence of F -
subalgebra in each fiber.
We defined an operation based reduced Cartesian product of bundles. Suppose
we defined an operation based Cartesian product of bundles. Then the operation
is defined for any elements of the bundle. However, since p(ai) = p(bi), i = 1,
..., n, then p(ω(a1, ..., an)) = p(ω(b1, ..., bn)). Therefore, the operation is defined
between fibers. We can map this operation to base using projection. This structure
is not different from quotient F -algebra and does not create new element in bundle
theory. The same time mapping between different maps of bundle and opportunity
to define an operation over sections create problems for this structure.
10
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5. Representation of Fibered F-Algebra
Definition 5.1. We call the fibered map
t : E → E
transformation of bundle, if respective fiber map
tx : Ex → Ex
is transformation of a fiber. 
Theorem 5.2. Let U be open set of base M such that there exists a local chart of
the bundle p[E]. Let t be transformation of bundle p[E]. Let x ∈M and p′ = tx(p)
in fiber Ex. Then for an open set V ⊆ M , x ∈ V and for an open set W ′ ⊆ E,
p′ ∈ W ′ there exists an open set W ⊆ E such that if x1 ∈ V , p1 ∈ W , then
p′1 = tx1(p1) ∈ W .
Proof. According to [8], page 44, sets V ×W , where V forms base of topology of
space U and W forms base of topology of space E, form base of topology of space
E .
Since map t is continuous, then for open set V ×W ′ there exists open set V ×W
such, that t(V ×W ) ⊆ V ×W ′. This is the statement of theorem. 
Theorem 5.3. Transformation of bundle p[E] maps section into section.
Proof. We define the image of section s over transformation t using commutative
diagram
E
t // E
M
s
``
s′
>>
Continuity of map s′ follows from theorem 5.2. 
Definition 5.4. Transformation of bundle is left-side transformation or T⋆-
transformation of bundle if it acts from left
u′ = tu
We denote ⋆E or ⋆p[E] or the set of nonsingular T⋆-transformations of bundle
p[E]. 
Definition 5.5. Transformations is right-side transformations or ⋆T -trans-
formation of bundle if it acts from right
u′ = ut
We denote E⋆ or p[A]⋆ the set of nonsingular ⋆T -transformations of bundle p[E]. 
We denote e identical transformation of bundle.
Since we define T⋆-transformation of bundle by fiber, then set ⋆p[E] is bundle
isomorphic to the bundle p[⋆E].
Definition 5.6. Suppose we defined the structure of fibered F -algebra on the set
⋆p[A] ([2]). Let p[B] be fibered F -algebra. We call homomorphism of fibered F -
algebras
(5.1) f : p[B]→ ⋆p[A]
left-side representation or T⋆-representation of fibered F-algebra p[B]. 
11
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Definition 5.7. Suppose we defined the structure of fibered F -algebra on the set
p[A]⋆ ([2]). Let p[B] be fibered F -algebra. We call homomorphism of fibered F -
algebras
f : p[B]→ p[A]⋆
right-side representation or ⋆T -representation of fibered F-algebra p[B].

We extend to bundle representation theory convention described in remark [3]-
2.2.14. We can write duality principle in the following form
Theorem 5.8 (duality principle). Any statement which holds for T⋆-representation
of fibered F-algebra p[A] holds also for ⋆T -representation of fibered F-algebra p[A].
There are two ways to define a T⋆-representation of F -algebra B in the bundle
p[A]. We can define or T⋆-representation in the fiber, either define T⋆-represen-
tation in the set Γ(p[A]). In the former case the representation defines the same
transformation in all fibers. In the later case the picture is less restrictive, however
we do not have the whole picture of the diversity of representations in the bundle.
Studying the representation of the fibered F -algebra, we point out that representa-
tions in different fibers are independent. Demand of smooth dependence of trans-
formation on fiber put additional constrains for T⋆-representation of fibered F -
algebra. The same time this constrain allows learn T⋆-representation of the fibered
F -algebra when in the fiber there defined F -algebra with parameters (for instance,
the structure constants of Lie group) smooth dependent on fiber.
Remark 5.9. Using diagrams we can express definition 5.6 the following way.
E E ′
p′   B
B
B
B
ϕ // E ′
p′~~|
|
|
|
M
α
OO
F // M ′
8@
Map F is injection. Because we expect that representation of fibered F -algebra
acts in each fiber, then we see that map F is bijection. Without loss of generality,
we assume that M = M ′ and map F is the identity map. We tell that we define
the representation of the fibered F -algebra p[B] in the bundle p[A] over the set M .
Since we know the base of the bundle, then to reduce details on the diagram we
will describe the representation using the following diagram
E E ′
ϕ // E ′
M
α
OO
:B

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Definition 5.10. Suppose map (5.1) is an isomorphism of the fibered F -algebra
p[B] into ⋆p[A]. Then the T⋆-representation of the fibered F -algebra p[B] is called
effective. 
Remark 5.11. Suppose the T⋆-representation of fibered F -algebra is effective. Then
we identify an element of fibered F -algebra and its image and write T⋆-transfor-
mation caused by element a ∈ A as
v′ = av
Suppose the ⋆T -representation of F -algebra is effective. Then we identify an el-
ement of fibered F -algebra and its image and write ⋆T -transformation caused by
element a ∈ A as
v′ = va

Definition 5.12. We call a T⋆-representation of fibered F -algebra transitive if
for any a, b ∈ V exists such g that
a = f(g)b
We call a T⋆-representation of fibered F -algebra single transitive if it is transitive
and effective. 
Theorem 5.13. T⋆-representation is single transitive if and only if for any a, b ∈
M exists one and only one g ∈ A such that a = f(g)b
Proof. Colorary of definitions 5.10 and 5.12. 
6. Representation of fibered group
Definition 6.1. Let p[G] : G //___ M and p′[G′] : G′ //___ M ′ be two fibered
groups. Bundle map
f : G → G′
is called homomorphism of fibered groups if respective fiber map
fx : Gx → G
′
x′
is homomorphism of groups. 
Definition 6.2. Let p[G] : G //___ M and p′[G′] : G′ //___ M ′ be two fibered
groups. Bundle map
f : G → G′
is called antihomomorphism of fibered groups if respective fiber map
fx : Gx → G
′
x′
is antihomomorphism of groups. 
Definition 6.3. Let p[G] be fibered group. We call map
(6.1) f : p[G]→ ⋆p[A]
T⋆-representation of fibered group p[G] in bundle p[A] if map f holds
(6.2) f(ab)µ = f(a)(f(b)µ)
(6.3) f(ǫ) = e

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Definition 6.4. Let p[G] be fibered group. We call map
(6.4) f : p[G]→ p[A]⋆
⋆T -representation of fibered group p[G] in bundle p[A] if map f holds
(6.5) µf(ab) = (µf(a))f(b)
(6.6) f(ǫ) = e

Theorem 6.5. For any a ∈ p[G]
(6.7) f(a−1) = f(a)−1
Proof. Since (6.2) and (6.3), we have
µ = eµ = f(aa−1)µ = f(a)(f(a−1)µ)
This completes the proof. 
Theorem 6.6. Let ⋆p[A] be a fibered group with respect to multiplication
(6.8) (t1t2)µ = t1(t2µ)
and e be unit of group ⋆p[A]. Let map (6.1) be a homomorphism of fibered group
(6.9) f(ab) = f(a)f(b)
Then this map is representation of fibered group p[G] which we call covariant T⋆-
representation of fibered group.
Proof. Since f is homomorphism of fibered group, we have f(ǫ) = e.
Since (6.8) and (6.9), we have
f(ab)µ = (f(a)f(b))µ = f(a)(f(b)µ)
According definition 6.3 f is representation of fibered group. 
We use following diagram to represent covariant T⋆-representation of fibered
group on the bundle
E
f(ab)

f(a)
xxqqq
qqq
qqq
qqq
q
E
f(b)
&&MM
MMM
MMM
MMM
MM
G2 // G E
⊙ !)
M
a
>>
b
``
id // M
ab
OO
JR
(0
%-
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Theorem 6.7. Let ⋆p[A] be a fibered group with respect to multiplication
(6.10) (t2t1)µ = t1(t2µ)
and e be unit of fibered group ⋆p[A]. Let map (6.1) be an antihomomorphism of
fibered group
(6.11) f(ba) = f(a)f(b)
Then this map is representation of fibered group p[G] which we call contravariant
T⋆-representation of fibered group.
Proof. Since f is antihomomorphism of fibered group, we have f(ǫ) = e.
Since (6.10) and (6.11), we have
f(ab)µ = (f(b)f(a))µ = f(a)(f(b)µ)
According definition 6.3 f is representation of fibered group. 
Example 6.8. The group composition on fibered group determines two different
presentations on the fibered group: the T⋆-shift on the fibered group which we
introduce by the equation
(6.12) b′ = a ⋆ b = ab
and the ⋆T -shift on fibered group which we introduce by the equation
(6.13) b′ = b ⋆ a = ba

Example 6.9. Let p[GL] be bundle over set of real numbers. Given the matrix
A, we can define section a(t) = exp(tA), and this section will cause respective T⋆-
shift.
Definition 6.10. Let f be representation of fibered group p[G] in bundle p[A]. For
any cut u of bundle p[A] we define its orbit of representation of fibered group
as set
O(u, g ∈ Γ(p[G]), f(g)u) = {v = f(g)u : g ∈ Γ(p[G])}

Since f(ǫ) = e we have u ∈ O(u, g ∈ Γ(p[G]), f(g)u).
Theorem 6.11. Suppose
(6.14) v ∈ O(u, g ∈ Γ(p[G]), f(g)u)
Then
O(u, g ∈ Γ(p[G]), f(g)u) = O(v, g ∈ Γ(p[G]), f(g)v)
Proof. From (6.14) it follows that there exists µ ∈ Γ(p[G]) such that
(6.15) v = f(µ)u
Suppose δ ∈ O(v, g ∈ Γ(p[G]), f(g)v). Then there exists ν ∈ Γ(p[G]) such that
(6.16) δ = f(ν)v
If we substitude (6.15) into (6.16) we get
(6.17) δ = f(ν)f(µ)u
15
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Since (6.2) we see that from (6.17) it follows that δ ∈ O(u, g ∈ Γ(p[G]), f(g)u).
Thus
O(v, g ∈ Γ(p[G]), f(g)v) ⊆ O(u, g ∈ Γ(p[G]), f(g)u)
Since (6.7), we see that from (6.15) it follows that
(6.18) u = f(µ)−1v = f(µ−1)v
From (6.18) it follows that u ∈ O(v, g ∈ Γ(p[G]), f(g)v) and therefore
O(u, g ∈ Γ(p[G]), f(g)u) ⊆ O(v, g ∈ Γ(p[G]), f(g)v)
This completes the proof. 
Let us define the representation of group G on the bundle
p[A] : E //___ M
Since we call the representation transitive, then orbit of a point is the manifold E .
In the case of representation of fibered group p[G] the orbit of a point is the fiber
the point belongs to.
Theorem 6.12. Suppose f1 is representation of fibered group p[G] in bundle p[A1]
and f2 is representation of fibered group p[G] in bundle p[A2]. Then we introduce
direct product of representations f1 and f2 of fibered group p[G]
f = f1 ⊗ f2 : p[G]→ p[A1]⊗ p[A2]
f(g) = (f1(g), f2(g))
Proof. To show that f is representation it is enough to prove that f satisfy to
definition 6.3.
f(e) = (f1(e), f2(e)) = (e1, e2) = e
f(ab)u = (f1(ab)u1, f2(ab)u2)
= (f1(a)(f1(b)u1), f2(a)(f2(b)u2))
= f(a)(f1(b)u1, f2(b)u2)
= f(a)(f(b)u)

7. Single Transitive Representation
Definition 7.1. We call kernel of inefficiency of representation of fibered
group p[G] a set
Kf = {g ∈ Γ(p[G]) : f(g) = e}
If Kf = {e} we call representation of fibered group G effective. 
Theorem 7.2. A kernel of inefficiency is a subgroup of fibered group G.
Proof. The proof does not depend on whether we use covariant representation or
contravariant representation. Assume f is covariant representation and f(a1) = δ
and f(a2) = δ. Then
f(a1a2) = f(a1)f(a2) = δ
f(a−1) = f−1(a) = δ

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Theorem 7.3. Representation is single transitive if and only if for any a, b ∈
Γ(p[A]) exists one and only one g ∈ p[G] such that a = f(g)b
Proof. Statement is colorary of definitions 5.10 and 7.1 and of the theorem 7.2. 
Definition 7.4. We call a bundle p[A] homogeneous bundle of fibered group
p[G] if we have single transitive representation of fibered group p[G] on p[A]. 
Theorem 7.5. If we define a single transitive T⋆-representation f of the fibered
group p[G] on the bundle p[A] then we can uniquely define coordinates on p[A] using
coordinates on the fibered group p[G].
If f is a covariant single transitive representation than f(a) is equivalent to the
left shift a⋆ on the fibered group p[G]. If f is a contravariant single transitive
representation than f(a) is equivalent to the right shift ⋆a on the fibered group p[G].
Proof. The representation of the fibered group p[G] in the bundle p[A] is single
transitive iff the representation of the group G in the fiber Ax for any x is single
transitive. Let representation f of the fibered group p[G] be a covariant single
transitive representation. Let u, v be sections of the bundle p[A]. and x ∈ M .
According to theorem [3]-3.4.5 we get the only element gx ∈ G such that
u(x) = f(gx)v(x) = gxv(x)
a contravariant single transitive representation Thus the map x→ gx is the section
of the fibered group p[G].
The same way we prove the statement for a covariant single transitive represen-
tation.
To prove the first statement, we need to select the map on the manifoldM , where
both bundles are trivial. Then we can represent coordinates of the point u ∈ p[A]
as tuple of coordinates (x, y) where x are coordinates of projection to the manifold
M and y are coordinates of the point in the fiber. We can represent coordinates
of the point a ∈ p[G] as tuple of coordinates (x, g) where x are coordinates of
projection to the manifold M and g are coordinates of the point in the group.
Respectively, coordinates of the section of the bundle p[A] are the map y :M → A,
and coordinates of the section of the bundle p[G] are the map y :M → G.
We select a section v ∈ Γ(p[A]) and define coordinates of a point w ∈ Γ(p[A])
as coordinates of a ∈ p[G] such that w = f(a)v. Coordinates defined this way
are unique up to choice of an initial section v ∈ Γ(p[A]) because the action is
effective. 
Remark 7.6. We will write effective T⋆-covariant representation of the fibered group
p[G] as
v′ = a ⋆ v = av
Orbit of this representation is
p[G]v = p[G] ⋆ v

Remark 7.7. We will write effective ⋆T -covariant representation of the fibered group
p[G] as
v′ = v ⋆ a = va
Orbit of this representation is
vp[G] = v ⋆ p[G]
17
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
Theorem 7.8. Left and right shifts on the fibered group p[G] are commuting.
Proof. This is the consequence of the associativity on the fibered group p[G]
(a ⋆ ⋆b)c = a(cb) = (ac)b = (⋆b a⋆)c

Theorem 7.9. If we defined a single transitive covariant T⋆-representation f of the
fibered group p[G] on the bundle p[A] then we can uniquely define a single transitive
covariant ⋆T -representation h of the fibered group p[G] on the bundle p[A] such that
diagram
G E
h(a) //
f(b)

E
f(b)

M
b
<<
a
bb
E
h(a)
// E
@H
/7
19 19
is commutative for any a, b ∈ Γ(p[G]).
Proof. Let f be a single transitive covariant T⋆-representation. In each fiber Ax
the representation f defines a single transitive covariant T⋆-representation fx of
group G. According to theorem [3]-3.4.10 in fiber Ax we uniquely define a single
transitive covariant ⋆T -representation hx comutable with representation fx. For a
section a ∈ Γ(p[G]) we define the section
h(a) : x→ hx(a)
Map h is homomorphism of fibered group. 
We call representations f and h twin representations of the fibered group
p[G].
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07 àññëîåííàÿ F-àëãåáðà
Àëåêñàíäð Êëåéí
Àííîòàöèÿ. Ïîíÿòèå F-àëãåáðû è å¼ ïðåäñòàâëåíèÿ ìîæåò áûòü ïåðåíå-
ñåíî íà ïðîèçâîëüíîå ðàññëîåíèå. Îïåðàöèè ðàññëîåííîé F-àëãåáðû îïðå-
äåëåíû ïîñëîéíî. Â ñòàòüå ðàññìîòðåíà òåîðèÿ ïðåäñòàâëåíèé ðàññëîåí-
íîé F-àëãåáðû, à òàêæå ïðîâåäåíî ñðàâíåíèå ïðåäñòàâëåíèÿ F-àëãåáðû è
ïðåäñòàâëåíèÿ ðàññëîåííîé F-àëãåáðû.
Òåîðèÿ ïðåäñòàâëåíèÿ àëãåáðû èìååò äëèííóþ è áîãàòóþ èñòîðèþ. Íà ïðî-
òÿæåíèè XX ñòîëåòèÿ òåîðèÿ ïðåäñòàâëåíèÿ ñòàëà íåîòúåìëåìîé ÷àñòüþ ìíî-
ãèõ ïðèëîæåíèé. Ïåðåõîä îò àëãåáðû ê ðàññëîåííîé àëãåáðå îòêðûâàåò íîâûå
âîçìîæíîñòè. ß ïðåäïðèíÿë ïîïûòêó íàïèñàòü ýòó ñòàòüþ ñ öåëüþ óâèäåòü
íîâûå ñâîéñòâà ðàññëîåííîé àëãåáðû.
Òàê êàê ñå÷åíèÿ ðàññëîåíèÿ ìîæåò áûòü íå îïðåäåëåíî íà âñ¼ì ðàññëîå-
íèè, âñå óòâåðæäåíèÿ ïðåäïîëàãàþò íåêîòîðóþ îáëàñòü îïðåäåëåíèÿ. Ïîäîá-
íûå óòâåðæäåíèÿ ñòðîÿòñÿ ïî îáðàçöó óòâåðæäåíèÿ î ñóùåñòâîâàíèè òðèâè-
àëüíîãî êàñàòåëüíîãî ðàññëîåíèÿ íà ìíîãîîáðàçèè.
Îäíàêî ñóùåñòâóåò äðóãàÿ ãðóïïà óòâåðæäåíèé, îãðàíè÷èâàþùèõ îáëàñòü
îïðåäåëåíèÿ ðàññëîåííîé F-àëãåáðû. Â òåêñòå ïðèâåäåíû ñîîòâåòñòâóþùèå
ïðèìåðû. Äàííàÿ ñèòóàöèÿ ñâîäèòñÿ ê ñëåäóþùåìó.
Ïðåîáðàçîâàíèå ñëîÿ ïðè ïàðàëëåëüíîì ïåðåíîñå ïðåäïîëàãàåòñÿ âçàèìíî
îäíîçíà÷íûì îòîáðàæåíèåì. Íåïðåðûâíî ïåðåìåùàÿñü âäîëü áàçû, ìû íåïðå-
ðûâíî ïåðåõîäèì îò ñëîÿ ê äðóãîìó. Ïðåäïîëîæåíèå, ÷òî îòîáðàæåíèå ìåæ-
äó ñëîÿìè ÿâëÿåòñÿ ãîìåîìîðèçìîì, ãàðàíòèðóåò íåïðåðûâíóþ äåîðìàöèþ
ñëîÿ.
Åñëè ìû âûáåðåì òî÷êó â ñëîå, òî å¼ òðàåêòîðèÿ ïðè äâèæåíèè ïðîåêöèè
âäîëü áàçû áóäåò ïàðàëåëüíà áàçå. Â äèåðåíöèàëüíîé ãåîìåòðèè ïîäîáíûå
êðèâûå íàçûâàþòñÿ ãîðèçîíòàëüíûìè. Ìû òàê æå áóäåì ïðèäåðæèâàòüñÿ ýòîãî
òåðìèíà.
Åñëè ìû ïðåäïîëàãàåì íà ñëîå ñòðóêòóðó F-àëãåáðû, òî ñîîòâåòñòâóþùåå
îòîáðàæåíèå äîëæíî áûòü èçîìîðèçìîì F-àëãåáðû. Íåïðåðûâíîñòü ïîçâî-
ëÿåò ñîõðàíèòü ïðè ïàðàëëåëüíîì ïåðåíîñå èçó÷àåìûå êîíñòðóêöèè, ñäåëàòü
ïåðåõîä îò ñëîÿ ê ñëîþ ïðàêòè÷åñêè íåçàìåíòíûì.
Ýòà êàðòèíà õîðîøî ðàáîòàåò â ìàëîì. Êîãäà ìû ïåðåõîäèì ê êîíå÷íûì
îòðåçêàì íà áàçå, íåïðåðûâíîñòü ñòàíîâèòñÿ îòâåòñòâåííîé çà òî, ÷òî ìû íå
ìîæåì ïðîäëèòü ñòðóêòóðó F-àëãåáðû ñêîëü óãîäíî äàëåêî. Íàïðèìåð, ìîãóò
ïîÿâèòüñÿ òî÷êè, ãäå ãîìåîìîðèçì ìîæåò áûòü íàðóøåí. Ýòî ïðîèñõîäèò,
êîãäà ïåðåñåêàþòñÿ ãîðèçîíòàëüíûå êðèâûå èëè èçìåíÿþòñÿ òîïîëîãè÷åñêèå
ñâîéñòâà ñëîÿ. Ñîîòâåòñòâóþùèé ñëîé ìû íàçûâàåì âûðîæäåííûì, à åãî ïðî-
åêöèþ - òî÷êîé âûðîæäåíèÿ.
Key words and phrases. äèåðåíöèàëüíàÿ ãåîìåòðèÿ, ðàññëîåíèÿ, àëãåáðà.
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àññëîåííàÿ F-àëãåáðà
Àëåêñàíäð Êëåéí
Âîïðîñ î òîì, êàê ìíîãî òî÷åê âûðîæäåíèÿ, âîîáùå ãîâîðÿ, íåïðîñòîé. Èí-
òóèòèâíî ÿñíî, ÷òî ýòî ìíîæåñòâî íåâåëèêî ïî ñðàâíåíèþ ñ áàçîé. Òåì íå ìå-
íåå, ýòî ìíîæåñòâî ìîæåò îêàçàòüñÿ ñóùåñòâåííûì äëÿ èçó÷åíèÿ ãåîìåòðèè
ðàññëîåíèÿ èëè èçè÷åñêèõ ïðîöåññîâ, ñâÿçàííûõ ñ ýòèì ðàññëîåíèåì.
Ê ïîäîáíûì ÿâëåíèÿì â òåîðèè äèåðåíöèàëüíûõ óðàâíåíèé îòíîñèòñÿ çà-
äà÷à ïðîäëåíèÿ ðåøåíèÿ äèåðåíöèàëüíîãî óðàâíåíèÿ. Â òîæå âðåìÿ, äè-
åðåíöèàëüíîå óðàâíåíèå ìîæåò èìåòü äâà òèïà ðåøåíèÿ. åãóëÿðíîå ðåùåíèå
ïðèíàäëåæèò íåêîòîðîìó ñåìåéñòâó óíêöèé, çàâèñÿùèõ îò ïðîèçâîëüíûõ ïî-
ñòîÿííûõ. Îñîáîå ðåøåíèå ÿâëÿåòñÿ îãèáàþùåé ñåìåéñòâà ðåãóëÿðíûõ ðåøå-
íèé.
Çàäà÷à îïèñàíèÿ ñëî¼â ðàññëîåíèÿ, íåçàâèñèìî îò òîãî âûðîæäåíû îíè èëè
íåò, èìååò èíòåðåñíîå ðåøåíèå. Ëþáîé ïóòü íà áàçå ðàññëîåíèÿ ÿâëÿåòñÿ îòîá-
ðàæåíèåì îòðåçêà I = [0, 1] â áàçó ðàññëîåíèÿ. Ìû ìîæåì ïðåäïîëîæèòü, ÷òî
ñëîè ðàññëîåíèÿ íå ãîìåîìîðíû, íî ãîìîòîïíû.
ðóïïà ãîëîíîìèé ðàññëîåíèÿ òàêæå íàêëàäûâàåò îãðàíè÷åíèå íà ñòðóê-
òóðó ðàññëîåííîé F-àëãåáðû A = p[A]. Åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ïðè
ïàðàëëåëüíîì ïåðåíîñå ìû ãîìîìîðíî îòîáðàæàåì F-àëãåáðó èç îäíîãî ñëîÿ
â äðóãîé. Ñëåäîâàòåëüíî, ïðåäïîëàãàåòñÿ, ÷òî ïðåîáðàçîâàíèå, ïîðîæä¼ííîå
ïàðàëëåëüíûì ïåðåíîñîì âäîëü çàìêíóòîãî êîíòóðà ÿâëÿåòñÿ ãîìîìîðèçìîì
F-àëãåáðû. Òàêèì îáðàçîì, âñ¼ õîðîøî, åñëè ãðóïïà ãîëîíîìèé ðàññëîåíèÿ A
ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû ãîìîìîðèçìîâ F-àëãåáðû A. Â ýòîì ñëó÷àå ìû
áóäåì íàçûâàòü ðàññëîåííóþ F-àëãåáðó A ãîëîíîìíîé. Â ïðîòèâíîì ñëó÷àå
ìû áóäåì íàçûâàòü ðàññëîåííóþ F-àëãåáðó A íåãîëîíîìíîé.
Èç òåîðèè âåêòîðíûõ ðàññëîåíèé èçâåñòíî, ÷òî íå íå âñÿêàÿ ðàññëîåííàÿ
F-àëãåáðà ÿâëÿåòñÿ ãîëîíîìíîé. Â òîæå âðåìÿ, òåîðèÿ âåêòîðíûõ ðàññëîåíèé
ïðåäëàãàåò ðåöåïò êàêèì îáðàçîì ìû ìîæåì ðàáîòàòü ñ íåãîëîíîìíîé ðàññëî-
åííîé F-àëãåáðîé.
Ýòî çàìå÷àíèå îòíîñèòñÿ òàêæå ê òåîðèè ïðåäñòàâëåíèÿ ðàññëîåííîé F-àë-
ãåáðû.
×òîáû ñäåëàòü íîâûå êîíñòðóêöèè áîëåå íàãëÿäíûìè, ÿ ñòðîþ ñîîòâåòñòâó-
þùèå äèàãðàììû.
Îáîçíà÷åíèÿ îïåðàöèé è îòíîøåíèé ïî âîçìîæíîñòè ñîõðàíÿþòñÿ êàê îíè
ââåäåíû â òåîðèè ìíîæåñòâ. Ýòî íå ïðèâîäèò ê íåäîðàçóìåíèÿì, òàê êàê îáî-
çíà÷åíèÿ ðàññëîåíèé îòëè÷íû îò îáîçíà÷åíèé ìíîæåñòâ. Äëÿ îáîçíà÷åíèÿ ðàñ-
ñëîåíèÿ è ñëîÿ ÿ áóäó ïîëüçîâàòüñÿ îäíîé è òîé æå áóêâîé â ðàçíûõ àëàâèòàõ.
Ïðîåêöèÿ ðàññëîåíèÿ, ñå÷åíèå, ìîðèçì ðàññëîåíèé ïðåäïîëàãàþòñÿ íåïðå-
ðûâíûìè îòîáðàæåíèÿìè.
1. àññëîåíèå
Äîïóñòèì M - ìíîãîîáðàçèå è
(1.1) p[E] : E //___ M
ðàññëîåíèå íàäM ñî ñëîåì E.1 Ñèìâîë p[E] îçíà÷àåò, ÷òî E ÿâëÿåòñÿ òèïè÷íûì
ñëîåì ðàññëîåíèÿ. Ìíîæåñòâî E ÿâëÿåòñÿ îáëàñòüþ îïðåäåëåíèÿ îòîáðàæåíèÿ
p[E]. Ìíîæåñòâî M ÿâëÿåòñÿ îáëàñòüþ çíà÷åíèé îòîáðàæåíèÿ p[E]. Ìû áóäåì
1
Òàê êàê ìíå ïðèä¼òñÿ èìåòü äåëî ñ ðàçëè÷íûìè ðàññëîåíèÿìè, ÿ áóäó ïîëüçîâàòüñÿ
ñëåäóþùèì ñîãëàøåíèåì. Äëÿ îáîçíà÷åíèÿ ðàññëîåíèÿ è ñëîÿ ÿ áóäó ïîëüçîâàòüñÿ îäíîé è
òîé æå áóêâîé â ðàçíûõ àëàâèòàõ.
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îòîæäåñòâëÿòü íåïðåðûâíîå îòîáðàæåíèå p[E] è ðàññëîåíèå (1.1). Îáîçíà÷èì
÷åðåç Γ(p[E]) ìíîæåñòâî ñå÷åíèé ðàññëîåíèÿ p[E].
Äåêàðòîâà ñòåïåíü A ìíîæåñòâà B - ýòî ìíîæåñòâî BA îòîáðàæåíèé
f : A→ B ([5℄, ñòð. 18). àññìîòðèì ïîäìíîæåñòâà BA âèäà
WK,U = {f : A→ B|f(K) ⊂ U}
ãäå K - êîìïàêòíîå ïîäìíîæåñòâî ïðîñòðàíñòâà A, U - îòêðûòîå ïîäìíîæå-
ñòâî ïðîñòðàíñòâà B. Ìíîæåñòâà WK,U îáðàçóþò áàçèñ òîïîëîãèè ïðîñòðàí-
ñòâà BA. Ýòà òîïîëîãèÿ íàçûâàåòñÿ êîìïàêòíî-îòêðûòîé òîïîëîãèåé. Äå-
êàðòîâà ñòåïåíü A ìíîæåñòâà B, ñíàáæ¼ííàÿ êîìïàêòíî-îòêðûòîé òîïîëîãèåé
íàçûâàåòñÿ, ïðîñòðàíñòâîì îòîáðàæåíèé ([6℄, ñòð. 213).
Ñîãëàñíî [6℄, ñòð. 214 äëÿ äàííûõ ïðîñòðàíñòâ A, B, C, D è îòîáðàæåíèé
f : A→ C, g : D → B ìû îïðåäåëèì ìîðèçì ïðîñòðàíñòâà îòîáðàæåíèé
gf : DC → BA
ðàâåíñòâîì
gf (h) = fhg h :C → D gf (h) :A→ B
Òàêèì îáðàçîì, ìîðèçì ïðîñòðàíñòâà îòîáðàæåíèé ìîæíî ïðåäñòàâèòü ñ ïî-
ìîùüþ äèàãðàììû
A
f //
gf (h)

C
h

B Dg
oo
Ìíîæåñòâî Γ(E) ÿâëÿåòñÿ ïîäìíîæåñòâîì ìíîæåñòâà EM . Ïîýòîìó ìû ìî-
æåì ïåðåíåñòè íà ìíîæåñòâî ñå÷åíèé ïîíÿòèÿ, îïðåäåë¼ííûå äëÿ ïðîñòðàíñòâà
îòîáðàæåíèé. Ìíîæåñòâà WK,U ìû îïðåäåëèì ñëåäóþùèì îáðàçîì
WK,U = {f ∈ Γ(E)|f(K) ⊂ U}
ãäå K - êîìïàêòíîå ïîäìíîæåñòâî ïðîñòðàíñòâà M , U - îòêðûòîå ïîäìíîæå-
ñòâî ïðîñòðàíñòâà E .
Çàìå÷àíèå 1.1. ß ïîëüçóþñü ñòðåëêîé
//___
íà äèàãðàììå äëÿ îáîçíà÷åíèÿ
ïðîåêöèè ðàññëîåíèÿ. 
Çàìå÷àíèå 1.2. ß ïîëüçóþñü ñòðåëêîé
//
íà äèàãðàììå äëÿ îáîçíà÷åíèÿ
ñå÷åíèÿ ðàññëîåíèÿ. 
Ïóñòü f - ìîðèçì ðàññëîåíèÿ E â E ′
E
p[E]



f // E ′
p′[E′]



M
F // M ′
Îòîáðàæåíèå F íàçûâàåòñÿ áàçîé îòîáðàæåíèÿ f . Îòîáðàæåíèå íàçûâàåòñÿ
ëèòîì îòîáðàæåíèÿ F .
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Åñëè îòîáðàæåíèå F - áèåêöèÿ, òî îòîáðàæåíèå f îïðåäåëÿåò ìîðèçì fF
−1
ïðîñòðàíñòâ ñå÷åíèé Γ(p[E])) â Γ(p′[E′]))
E
f // E ′ u′ = fF
−1
(u) = fuF−1
M
u
OO
F // M ′
u′
OO
fF
−1
+3
×òîáû äîêàçàòü íåïðåðûâíîñòü u′, äîñòàòî÷íî äîêàçàòü íåïðåðûâíîñòü F−1.
Íî ýòî î÷åâèäíî, òàê êàê F íåïðåðûâíàÿ áèåêöèÿ.
Åñëè F = id, òî id−1 = id. Ïîýòîìó ìîðèçì ïðîñòðàíñòâ ñå÷åíèé ìû áóäåì
îáîçíà÷àòü f id. Î÷åâèäíî
f id(u) = fu
2. Äåêàðòîâî ïðîèçâåäåíèå ðàññëîåíèé
Çàìå÷àíèå 2.1. Ïóñòü A1 × ...× An ÿâëÿåòñÿ äåêàðòîâûì ïðîèçâåäåíèåì ìíî-
æåñòâ A1, ..., An
A1 × ...×An
pn
&&LL
LLL
LLL
LLLp1
xxrrr
rrr
rrr
rr

A1 ... An
Ñîãëàñíî [1℄ îòîáðàæåíèå
f : A→ A1 × ...×An
ìîæíî ïðåäñòàâèòü â îðìå êîðòåæà f = (f1, ..., fn), ãäå fi = fpi
A
f //
f1
  @
@@
@@
@@
@
fn
99
A1 × ...×An
pn
&&LL
LLL
LLL
LLLp1
xxrrr
rrr
rrr
rr

A1 ... An

Äîïóñòèì pi[Ei] : Ei //___ Mi , i = 1, ..., n - ñåìåéñòâî ðàññëîåíèé. Äëÿ êàæ-
äîãî i ïóñòü çàäàíî ïîêðûòèå {Uiαi} áàçû Mi òàêîå, ÷òî äëÿ ëþáîãî Uiαi ñó-
ùåñòâóåò ëîêàëüíàÿ òðèâèàëèçàöèÿ ϕiαi ðàññëîåíèÿ pi[Ei]
Uiαi × Ei
ϕiαi //
$$I
I
I
I
I
Ei|Uiαi
{{w
w
w
w
Uiαi
Îïðåäåëåíèå 2.2. Äëÿ ïðîèçâîëüíîé òî÷êè xi ∈ Mi âûáåðåì îòêðûòîå ìíî-
æåñòâî Uiαi , i = 1, ..., n òàêîå, ÷òî xi ∈ Uiαi . Ìû ìîæåì ïðåäñòàâèòü òî÷êó
ìíîæåñòâà Ei|Uiαi â âèäå êîðòåæà (xi, ai), xi ∈ Uiαi , ai ∈ Ei. Äëÿ êîðòåæà
α = (α1, ..., αn) ðàññìîòðèì òðèâèàëüíîå ðàññëîåíèå
eα : Eα //___ Uα = U1α1 × ...× Unαn
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ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ êîðòåæè (x1, ..., xn, a1, ..., an). Ñëîåì ýòîãî ðàñ-
ñëîåíèÿ ÿâëÿåòñÿ äåêàðòîâûì ïðîèçâåäåíèåì
∏n
i=1Ei. Áàçà ðàññëîåíèÿ ÿâëÿ-
åòñÿ äåêàðòîâûì ïðîèçâåäåíèåì
∏n
i=1 Uiαi . 
Íåïðåðûâíîñòü ïðîåêöèè ýòîãî ðàññëîåíèÿ ñëåäóåò èç ñëåäñòâèÿ 1 ïðåäëî-
æåíèÿ 1 ([8℄, ñòð. 59).
×òîáû îïðåäåëèòü ðàññëîåíèå íàä ìíîãîîáðàçèåì
∏n
i=1Mi, ìû äîëæíû îïðå-
äåëèòü óíêöèè ñêëåèâàíèÿ. Ïóñòü çàäàíû óíêöèè ñêëåèâàíèÿ ψiαiβi ðàññëî-
åíèÿ pi[Ei]
Uiαi × Ei
ϕiαi //
(pi,ψiαiβi )

Ei|Uiαi
ψiαiβi

Uiβi × Ei
ϕiβi // Ei|Uiβi
Åñëè Uα ∩ Uβ 6= ∅, òî ìû îïðåäåëèì ñêëåèâàþùåå îòîáðàæåíèå, ïîëüçóÿñü
äèàãðàììîé
Uα × E1 × ...× En
id //
(p,ψ
1α1β1
,...,ψnαnβn )

E|Uα
ψαβ

Uβ × E1 × ...× En
id // E|Uβ
àññëîåíèå
p1[E1]× ...× pn[En] =
n∏
i=1
pi[Ei] = p[
∏n
i=1Ei] : E
//___ M
íàçûâàåòñÿ äåêàðòîâûì ïðîèçâåäåíèåì ðàññëîåíèé pi[Ei]. Ìû áóäåì òàê-
æå ãîâîðèòü, ÷òî ðàññëîåííîå ïðîñòðàíñòâî E ÿâëÿåòñÿ äåêàðòîâûì ïðîèç-
âåäåíèåì ðàññëîåííûõ ïðîñòðàíñòâ Ei è ïîëüçîâàòüñÿ îáîçíà÷åíèåì
E = E1 × ...× En =
n∏
i=1
Ei
Çàìå÷àíèå 2.3. Ñîãëàñíî çàìå÷àíèþ 2.1 ñå÷åíèå äåêàðòîâîãî ïðîèçâåäåíèÿ
ðàññëîåíèé p1[E1] × ... × pn[En] ìîæíî ïðåäñòàâèòü â âèäå êîðòåæà ñå÷åíèé
a = (a1, ..., an). 
Ìû áóäåì ïîëüçîâàòüñÿ ñëåäóþùèìè äèàãðàììàìè äëÿ ïðåäñòàâëåíèÿ äå-
êàðòîâîãî ïðîèçâåäåíèÿ ðàññëîåíèé
E
pn

I
C
;
4
/
*
&
p1

u
{






×...×
M1 ... Mn
E
pi
Q
n
i=1






Mi
Íà äèàãðàììå ñòðåëêè, îáúåäèí¼ííûå çíàêîì × èëè
∏
, ñèìâîëèçèðóþò ñòðåë-
êó, ñîîòâåòñòâóþùóþ ïðîåêöèè ðàññëîåíèÿ E . Öåëü îáîçíà÷åíèÿ - ïîêàçàòü
ñòðóêòóðó îòîáðàæåíèÿ.
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Â äåêàðòîâîì ïðîèçâåäåíèè ðàññëîåíèé îïðåäåëåíî ïðîèçâåäåíèå ëþáûõ
äâóõ ñëî¼â. Êàê ìû óâèäèì íèæå, òàêîå ðàññëîåíèå âîñïðîèçâîäèò ñòðóêòóðó
áàçû. Ýòî ñóùåñòâåííî îãðàíè÷èâàåò ïðèìåíèìîñòü äåêàðòîâà ïðîèçâåäåíèÿ
ðàññëîåíèé.
3. Ïðèâåäåííîå äåêàðòîâî ïðîèçâåäåíèå ðàññëîåíèé
Åñëè ðàññëîåíèÿ îïðåäåëåíû íàä îáùåé áàçîé ìû ìîæåì èçìåíèòü îïðåäå-
ëåíèå äåêàðòîâà ïðîèçâåäåíèÿ ðàññëîåíèé.
Äîïóñòèì pi[Ei] : Ei //___ M , i = 1, ..., n - ñåìåéñòâî ðàññëîåíèé íàä ìíîãî-
îáðàçèåì M . Äëÿ êàæäîãî i ïóñòü çàäàíî ïîêðûòèå {Uiαi} áàçû M òàêîå, ÷òî
äëÿ ëþáîãî Uiαi ñóùåñòâóåò ëîêàëüíàÿ òðèâèàëèçàöèÿ ϕiαi ðàññëîåíèÿ pi[Ei]
Uiαi × Ei
ϕiαi //
$$I
I
I
I
I
Ei|Uiαi
{{w
w
w
w
Uiαi
Îïðåäåëåíèå 3.1. Äëÿ ïðîèçâîëüíîé òî÷êè x ∈ M âûáåðåì îòêðûòûå ìíî-
æåñòâà Uiαi , i = 1, ..., n òàêèå, ÷òî x ∈ Uiαi . Ìû ìîæåì ïðåäñòàâèòü òî÷êó
ìíîæåñòâà Ei|Uiαi â âèäå êîðòåæà (x, ai), x ∈ Uiαi , ai ∈ Ei. Äëÿ êîðòåæà α =
(α1, ..., αn) ðàññìîòðèì òðèâèàëüíîå ðàññëîåíèå pα : Eα //___ Uα =
⋂n
i=1 Uiαi ,
ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ êîðòåæè (x, a1, ..., an). Ñëîåì ýòîãî ðàññëîåíèÿ
ÿâëÿåòñÿ äåêàðòîâî ïðîèçâåäåíèå
∏n
i=1 Ei. Áàçà ðàññëîåíèÿ ÿâëÿåòñÿ ìíîæå-
ñòâîì Uα. 
Ñîãëàñíî îïðåäåëåíèþ ïîñòðîåííîå ðàññëîåíèå íàä ìíîæåñòâîì Uα ìîæíî
ïðåäñòàâèòü â âèäå
Uα ×
n∏
i=1
Ei
Ñîãëàñíî [8℄, ñòð. 58, åñëè U ïðèíàäëåæèò áàçèñó òîïîëîãèè ïðîñòðàíñòâà Uα,
òî U ×
∏n
i=1 Ei ïðèíàäëåæèò áàçèñó òîïîëîãèè ïðîñòðàíñòâà Eα. Åñëè U îò-
êðûòîå ìíîæåñòâî ïðîñòðàíñòâà M , òî ìû ìîæåì ïðåäñòàâèòü ìíîæåñòâî U
â âèäå U = ∪i∈IUi, ãäå Ui ïðèíàäëåæàò áàçèñó òîïîëîãèè ïðîñòðàíñòâà M .
Ñîîòâåòñòâåííî, ìíîæåñòâî
p−1α (U) = U ×
n∏
i=1
Ei
ìîæåò áûòü ïðåäñòàâëåíî â âèäå
p−1α (U) =
⋃
i∈I
(Ui ×
n∏
i=1
Ei)
è ÿâëÿåòñÿ îòêðûòûì ìíîæåñòâîì. Ñëåäîâàòåëüíî, ïðîåêöèÿ pα ÿâëÿåòñÿ íåïðå-
ðûâíûì îòîáðàæåíèåì.
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×òîáû îïðåäåëèòü ðàññëîåíèå íàä ìíîãîîáðàçèåì M , ìû äîëæíû îïðåäå-
ëèòü óíêöèè ñêëåèâàíèÿ. Ïóñòü çàäàíû óíêöèè ñêëåèâàíèÿ ψiαiβi ðàññëîå-
íèÿ pi[Ei]
Uiαi × Ei
ϕiαi //
(pi,ψiαiβi )

Ei|Uiαi
ψiαiβi

Uiβi × Ei
ϕiβi // Ei|Uiβi
Åñëè Uα ∩ Uβ 6= ∅, òî ìû îïðåäåëèì ñêëåèâàþùåå îòîáðàæåíèå, ïîëüçóÿñü
äèàãðàììîé
Uα × E1 × ...× En
id //
(p,ψ
1α1β1
,...,ψnαnβn )

E|Uα
ψαβ

Uβ × E1 × ...× En
id // E|Uβ
àññëîåíèå
p1[E1]⊙ ...⊙ pn[En] =
n⊙
i=1
pi[Ei] = p[
∏n
i=1Ei] : E
//___ M
íàçûâàåòñÿ ïðèâåäåííûì äåêàðòîâûì ïðîèçâåäåíèåì ðàññëîåíèé pi[Ei].
Ìû áóäåì òàêæå ãîâîðèòü, ÷òî ðàññëîåííîå ïðîñòðàíñòâî E ÿâëÿåòñÿ ïðè-
âåäåííûì äåêàðòîâûì ïðîèçâåäåíèåì ðàññëîåííûõ ïðîñòðàíñòâ Ei è
ïîëüçîâàòüñÿ îáîçíà÷åíèåì
E = E1 ⊙ ...⊙ En =
n⊙
i=1
Ei
Çàìå÷àíèå 3.2. Ñîãëàñíî çàìå÷àíèþ 2.1 ñå÷åíèå ïðèâåäåííîãî äåêàðòîâîãî
ïðîèçâåäåíèÿ ðàññëîåíèé p1[E1]⊙...⊙pn[En] ìîæíî ïðåäñòàâèòü â âèäå êîðòåæà
ñå÷åíèé a = (a1, ..., an). 
Ìû áóäåì ïîëüçîâàòüñÿ ñëåäóþùèìè äèàãðàììàìè äëÿ ïðåäñòàâëåíèÿ ïðè-
âåäåííîãî äåêàðòîâîãî ïðîèçâåäåíèÿ ðàññëîåíèé
E
pn
~~
>
4
)




 
p1
  
 



)
4
>
⊙...⊙
M
E
pi
J
n
i=1






M
Íà äèàãðàììå ñòðåëêè, îáúåäèí¼ííûå çíàêîì ⊙, ñèìâîëèçèðóþò ñòðåëêó, ñîîò-
âåòñòâóþùóþ ïðîåêöèè ðàññëîåíèÿ E . Öåëü îáîçíà÷åíèÿ - ïîêàçàòü ñòðóêòóðó
îòîáðàæåíèÿ.
Â ïðèâåäåííîì äåêàðòîâîì ïðîèçâåäåíèè îïðåäåëåíî ïðîèçâåäåíèå ñëî¼â
íàä çàäàííîé òî÷êîé. Ýòî äåëàåò ñòðóêòóðó ïðîèçâåäåíèÿ áîãà÷å.
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Îïðåäåëåíèå 3.3. Äëÿ n ≥ 0 ìû îïðåäåëèì äåêàðòîâó ñòåïåíü ðàññëîå-
íèÿ
2 {
p[E]0 = id :M //___ M n = 0
p[E]n =
⊙n
i=1 p[E] : E
n //___ M n > 0

4. àññëîåííàÿ F-àëãåáðà
Îïðåäåëåíèå 4.1. n-àðíàÿ îïåðàöèÿ íà ðàññëîåíèè p[E] - ýòî ìîðèçì
ðàññëîåíèé
f : En → E
n - ýòî àðíîñòü îïåðàöèè. 0-àðíàÿ îïåðàöèÿ - ýòî ñå÷åíèå ðàññëîåíèÿ p[A]. 
Îïåðàöèÿ íà ðàññëîåíèè ìîæåò áûòü ïðåäñòàâëåíà äèàãðàììîé
En
ω //
p
~~
=
3
)




p
  



)
3
=
E
p







⊙
...
⊙ ω "*
M
id // M
Òåîðåìà 4.2. Ïóñòü U - îòêðûòîå ìíîæåñòâî áàçû M , è íà U ñóùåñòâóåò
òðèâèàëèçàöèÿ ðàññëîåíèÿ p[E]. Ïóñòü x ∈ M . Ïóñòü ω - n-àðíàÿ îïåðàöèÿ
íà ðàññëîåíèè p[E] è
ω(p1, ..., pn) = p
â ñëîå Ex. Òîãäà ñóùåñòâóþò îòêðûòûå ìíîæåñòâà V ⊆ U , W ⊆ E, W1 ⊆
E1, ..., Wn ⊆ En òàêèå, ÷òî x ∈ V , p ∈ W , p1 ∈W1, ..., pn ∈ Wn, è äëÿ ëþáûõ
x′ ∈ V , p′ ∈W ∩ ωV ñóùåñòâóþò p′1 ∈W1, ..., p
′
n ∈ Wn òàêèå, ÷òî
ω(p′1, ..., p
′
n) = p
′
â ñëîå Ex′ .
Äîêàçàòåëüñòâî. Ñîãëàñíî [8℄, ñòð. 58, ìíîæåñòâà âèäà V ×W , ãäå V ïðèíàä-
ëåæèò áàçèñó òîïîëîãèè ïðîñòðàíñòâà U è W ïðèíàäëåæèò áàçèñó òîïîëîãèè
ïðîñòðàíñòâà E, îáðàçóþò áàçèñ òîïîëîãèè ïðîñòðàíñòâà E . Àíàëîãè÷íî ìíî-
æåñòâà âèäà V ×W1× ...×Wn, ãäå V ïðèíàäëåæèò áàçèñó òîïîëîãèè ïðîñòðàí-
ñòâà U è W1, ..., Wn ïðèíàäëåæàò áàçèñó òîïîëîãèè ïðîñòðàíñòâà E, îáðàçóþò
áàçèñ òîïîëîãèè ïðîñòðàíñòâà En.
Òàê êàê îòîáðàæåíèå ω íåïðåðûâíî, òî äëÿ îòêðûòîãî ìíîæåñòâà V ×W
ñóùåñòâóåò îòêðûòîå ìíîæåñòâî S ⊆ En òàêîå, ÷òî ωS ⊆ V ×W . Ïóñòü x′ ∈ V .
Âûáåðåì ïðîèçâîëüíóþ òî÷êó (x′, p′) ∈ ωS. Òîãäà ñóùåñòâóþò òàêèå p′1 ∈ Ex′ ,
..., p′n ∈ Ex′ , ÷òî
ω(p′1, ..., p
′
n) = p
′
2
Ïîñêîëüêó ÿ ðàññìàòðèâàþ îïðåäåëåíèå äåêàðòîâîé ñòåïåíè ðàññëîåíèÿ òîëüêî â ðàì-
êàõ ïðèâåäåííîãî äåêàðòîâà ïðîèçâåäåíèÿ, ÿ íå áóäó ïîëüçîâàòüñÿ ñîîòâåòñòâóþùèì ïðè-
ëàãàòåëüíûì äëÿ ñòåïåíè. Ýòî çàìå÷àíèå ñïðàâåäëèâî äëÿ âñåõ ïîñëåäóþùèõ îïðåäåëåíèé,
ñâÿçàííûõ ñ äåêàðòîâîé ñòåïåíüþ ðàññëîåíèÿ.
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â ñëîå Ex′ . Ñîãëàñíî ñêàçàííîìó âûøå ñóùåñòâóþò ìíîæåñòâà R, R
′
, ïðèíàä-
ëåæàùèå áàçèñó òîïîëîãèè ïðîñòðàíñòâà U , è ìíîæåñòâà T1, ..., Tn, T
′
1, ..., T
′
n,
ïðèíàäëåæàùèå áàçèñó òîïîëîãèè ïðîñòðàíñòâà E, òàêèå, ÷òî x ∈ R, x′ ∈ R′,
p1 ∈ T1, p′1 ∈ T
′
1, ..., pn ∈ Tn, p
′
n ∈ T
′
n, R×T1× ...×Tn ⊆ S, R
′×T ′1× ...×T
′
n ⊆ S.
Òåîðåìà äîêàçàíà, òàê êàê W1 = T1 ∪ T ′1, ..., Wn = Tn ∪ T
′
n - îòêðûòûå ìíîæå-
ñòâà. 
Òåîðåìà 4.2 ãîâîðèò î íåïðåðûâíîñòè îïåðàöèè ω, îäíàêî ýòà òåîðåìà íè÷åãî
íå ãîâîðèò î ìíîæåñòâàõ W1, ..., Wn. Â ÷àñòíîñòè, ýòè ìíîæåñòâà ìîãóò áûòü
íå ñâÿçíûìè.
Åñëè òîïîëîãèÿ íà ñëîå A - äèñêðåòíà, òî ìû ìîæåì ïîëîæèòü W = {p},
W1 = {p1}, ..., Wn = {pn}. Âîçíèêàåò îùóùåíèå, ÷òî â îêðåñòíîñòè V îïåðàöèÿ
íå çàâèñèò îò ñëîÿ. Ìû áóäåì ãîâîðèòü, ÷òî îïåðàöèÿ ω ëîêàëüíî ïîñòîÿíà.
Îäíàêî íà ðàññëîåíèè â öåëîì óñëîâèå ïîñòîÿíñòâà ìîæåò áûòü íàðóøåíî.
Òàê ðàññëîåíèå íàä îêðóæíîñòüþ ñî ñëîåì ãðóïïû öåëûõ ÷èñåë ìîæåò îêà-
çàòüñÿ íàêðûòèåì îêðóæíîñòè R→ S1 äåéñòâèòåëüíîé ïðÿìîé, îïðåäåë¼ííûì
îðìóëîé p(t) = (sin t, cos t) äëÿ ëþáîãî t ∈ R.
àññìîòðèì àëüòåðíàòèâíóþ òî÷êó çðåíèÿ íà íåïðåðûâíîñòü îïåðàöèè ω,
÷òîáû ëó÷øå ïîíÿòü çíà÷åíèå íåïðåðûâíîñòè Åñëè ìû õîòèì ïîêàçàòü, ÷òî
áåñêîíå÷íî ìàëûå èçìåíåíèÿ îïåðàíäîâ ïðè äâèæåíèè âäîëü áàçû ïðèâîäÿò ê
áåñêîíå÷íî ìàëîìó èçìåíåíèþ îïåðàöèè, íàì íàäî ïåðåéòè ê ñå÷åíèÿì. Ýòîò
ïåðåõîä äîïóñòèì, òàê êàê îïåðàöèÿ íà ðàññëîåíèè îïðåäåëåíà ïîñëîéíî.
Òåîðåìà 4.3. n-àðíàÿ îïåðàöèÿ íà ðàññëîåíèè îòîáðàæàåò ñå÷åíèÿ â ñå÷åíèå.
Äîêàçàòåëüñòâî. Äîïóñòèì f1, ..., fn - ñå÷åíèÿ è îòîáðàæåíèå
(4.1) f = ωid(f1, ..., fn) : M → E
îïðåäåëåíî ðàâåíñòâîì
(4.2) f(x) = ω(f1(x), ..., fn(x))
Ïóñòü x ∈ M è u = f(x). Ïóñòü U - îêðåñòíîñòü òî÷êè u â îáëàñòè çíà÷åíèé
îòîáðàæåíèÿ f .
Òàê êàê ω íåïðåðûâíîå îòîáðàæåíèå, òî ñîãëàñíî [8℄, ñòð. 58, äëÿ ëþáîãî
çíà÷åíèÿ i, 1 ≤ i ≤ n â îáëàñòè çíà÷åíèé ñå÷åíèÿ fi îïðåäåëåíî îòêðûòîå
ìíîæåñòâî Ui òàêèì îáðàçîì, ÷òî
∏n
i=1 Ui îòêðûòî â îáëàñòè çíà÷åíèé ñå÷åíèÿ
(f1, ..., fn) ðàññëîåíèÿ En è
ω(
n∏
i=1
Ui) ⊆ U
Ïóñòü u′ ∈ U . Ïîñêîëüêó f - îòîáðàæåíèå, ñóùåñòâóåò x′ ∈ M òàêàÿ, ÷òî
f(x′) = u′. Íà îñíîâàíèè ðàâåíñòâà (4.2) ñóùåñòâóþò u′i ∈ Ui, p(u
′
i) = x
′
òàêèå,
÷òî ω(u′1, ..., u
′
n) = u
′
. Òàê êàê fi ñå÷åíèå, òî ñóùåñòâóåò îòêðûòîå â M ìíîæå-
ñòâî Vi òàêîå, ÷òî fi(Vi) ⊆ Ui è x ∈ Vi, x′ ∈ Vi. Ñëåäîâàòåëüíî, ìíîæåñòâî
V = ∩ni=1Vi
íåïóñòî, îòêðûòî â M è x ∈ V , x′ ∈ V . Ñëåäîâàòåëüíî îòîáðàæåíèå f íåïðå-
ðûâíî è ÿâëÿåòñÿ ñå÷åíèåì. 
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Îïåðàöèÿ íà ðàññëîåíèè ìîæåò áûòü ïðåäñòàâëåíà äèàãðàììîé
En
ω // E
×...×
ωid
"*
M
a1
>>
an
``
id // M
OO
Òåîðåìà 4.4. ωid íåïðåðûâíà íà Γ(E).
Äîêàçàòåëüñòâî. àññìîòðèì ìíîæåñòâî WK,U , ãäå K - êîìïàêòíîå ïîäìíî-
æåñòâî ïðîñòðàíñòâà M , U - îòêðûòîå ïîäìíîæåñòâî ïðîñòðàíñòâà E . Ìíî-
æåñòâî U ìû ìîæåì ïðåäñòàâèòü â âèäå V × E, ãäå V - îòêðûòîå ìíîæåñòâî
ïðîñòðàíñòâàM ,K ⊂ V . ω−1(V ×E) = V ×En ÿâëÿåòñÿ îòêðûòûì ìíîæåñòâîì.
Ñëåäîâàòåëüíî,
(4.3) (ωid)−1WK,V×E =WK,V×En
Èç (4.3) ñëåäóåò íåïðåðûâíîñòü ωid. 
Îïðåäåëåíèå 4.5. Ïóñòü A ÿâëÿåòñÿ F-àëãåáðîé ([2℄). Ìû ìîæåì ïåðåíåñòè
F-àëãåáðàè÷åñêóþ ñòðóêòóðó ñî ñëîÿ A íà ðàññëîåíèå p[A] : A //___ M . Åñëè
íà F-àëãåáðå A îïðåäåëåíà îïåðàöèÿ ω
a = ω(a1, ..., an)
òî íà ðàññëîåíèè îïðåäåëåíà îïåðàöèÿ ω
a(x) = ω(a1, ..., an)(x) = ω(a1(x), ..., an(x))
Ìû áóäåì ãîâîðèòü, ÷òî p[A] - ýòî ðàññëîåííàÿ F-àëãåáðà. 
Â çàâèñèìîñòè îò ñòðóêòóðû ìû áóäåì ãîâîðèòü, íàïðèìåð, î ðàññëîåííîé
ãðóïïå, ðàññëîåííîì êîëüöå, âåêòîðíîì ðàññëîåíèè.
Îñíîâíûå ñâîéñòâà F-àëãåáðû ñîõðàíÿþòñÿ è äëÿ ðàññëîåííîé F-àëãåáðû.
Ïðè äîêàçàòåëüñòâå ñîîòâåòñòâóþùèõ òåîðåì, ìû ìîæåì ññûëàòüñÿ íà ýòî
óòâåðæäåíèå. Îäíàêî â íåêîòîðûõ ñëó÷àÿõ äîêàçàòåëüñòâî ìîæåò ïðåäñòàâ-
ëÿòü ñàìîñòîÿòåëüíûé èíòåðåñ, òàê êàê ïîçâîëÿåò ëó÷øå óâèäåòü ñòðóêòóðó
ðàññëîåííîé F-àëãåáðû. Îäíàêî ñâîéñòâà F-àëãåáðû, âîçíèêøåé íà ìíîæåñòâå
ñå÷åíèé, ìîãóò îòëè÷àòüñÿ îò ñâîéñòâ F-àëãåáðû â ñëîå. Íàïðèìåð, óìíîæå-
íèå â ñëîå ìîæåò èìåòü îáðàòíûé ýëåìåíò. Â òîæå âðåìÿ óìíîæåíèå ñå÷åíèé
ìîæåò íå èìåòü îáðàòíîãî ýëåìåíòà. Ñëåäîâàòåëüíî, ðàññëîåííîå íåïðåðûâíîå
ïîëå ïîðîæäàåò êîëüöî íà ìíîæåñòâå ñå÷åíèé. Ýòî ÿâëÿåòñÿ ïðåèìóùåñòâîì
ïðè èçó÷åíèè ðàññëîåííîé àëãåáðû. ß õî÷ó òàêæå îáðàòèòü âíèìàíèå íà òî, ÷òî
îïåðàöèÿ â ðàññëîåíèè íå îïðåäåëåíà äëÿ ýëåìåíòîâ, ïðèíàäëåæàùèì ðàçíûì
ñëîÿì.
Òî÷êà p ∈ A èìååò ïðåäñòàâëåíèå (x, pα) â êàðòå Uα è ïðåäòàâëåíèå (x, pβ) â
êàðòå Uβ. Äîïóñòèì óíêöèè ïåðåõîäà gǫδ îïðåäåëÿþò ðàññëîåíèå B íàä áàçîé
N . àññìîòðèì êàðòû Vǫ ∈ N è Vδ ∈ N , Vǫ ∩ Vδ 6= ∅. Òî÷êà q ∈ B èìååò ïðåä-
ñòàâëåíèå (y, qǫ) â êàðòå Vǫ è ïðåäòàâëåíèå (y, qδ) â êàðòå Vδ. Ñëåäîâàòåëüíî,
pα = fαβ(pβ)
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qǫ = gǫδ(qδ)
Ïðåäñòàâëåíèå ñîîòâåòñòâèÿ ïðè ïåðåõîäå îò êàðòû Uα ê êàðòå Uβ è îò êàðòû
Vǫ ê êàðòå Vδ èçìåíÿåòñÿ ñîãëàñíî çàêîíó
(x, y, pα, qǫ) = (x, y, fαβ(pβ), gǫδ(qδ))
Ýòî ñîãëàñóåòñÿ ñ ïðåîáðàçîâàíèåì ïðè ïåðåõîäå îò êàðòû Uα × Vǫ ê êàðòå
Uβ × Vδ â ðàññëîåíèè A× B.
Òåîðåìà 4.6. Äîïóñòèì óíêöèè ïåðåõîäà fαβ îïðåäåëÿþò ðàññëîåííóþ F-
àëãåáðó p[A] : A //___ M íàä áàçîéM . Òîãäà óíêöèè ïåðåõîäà fαβ ÿâëÿþòñÿ
ãîìîìîðèçìàìè F-àëãåáðû A.
Äîêàçàòåëüñòâî. Ïóñòü Uα ∈ M è Uβ ∈ M , Uα ∩ Uβ 6= ∅ - îêðåñòíîñòè, â
êîòîðûõ ðàññëîåííàÿ F-àëãåáðà p[A] òðèâèàëüíà. Ïóñòü
(4.4) aβ = fβα(aα)
óíêöèÿ ïåðåõîäà èç ðàññëîåíèÿ p[A]|Uα â ðàññëîåíèå p[A]|Uβ . Ïóñòü ω - n-
àðíàÿ îïåðàöèÿ è òî÷êè e1, ..., en ïðèíàäëåæàò ñëîþ Ax, x ∈ U1∩U2. Ïîëîæèì
(4.5) e = ω(e1, ..., en)
Ìû ìîæåì ïðåäñòàâèòü òî÷êó e ∈ p[A]|Uα â âèäå (x, eα) è òî÷êó ei ∈ p[A]|Uα
â âèäå (x, eiα). Ìû ìîæåì ïðåäñòàâèòü òî÷êó e ∈ p[A]|Uβ â âèäå (x, eβ) è òî÷êó
ei ∈ p[A]|Uβ â âèäå (x, eiβ). Ñîãëàñíî (4.4)
(4.6) eβ = fβα(eα)
(4.7) eiβ = fβα(eiα)
Ñîãëàñíî (4.5), îïåðàöèÿ â ñëîå Ax íàä îêðåñòíîñòüþ Uβ èìååò âèä
(4.8) eβ = ω(e1β , ..., enβ)
Ïîäñòàâèâ (4.6), (4.7) â (4.8) ìû ïîëó÷èì
fβα(eα) = ω(fβα(e1α), ..., fβα(enα))
Ýòî äîêàçûâàåò, ÷òî fβα ÿâëÿåòñÿ ãîìîìîðèçìîì F-àëãåáðû. 
Îïðåäåëåíèå 4.7. Ïóñòü p[A] : A //___ M è p′[A′] : A′ //___ M ′ - äâå ðàñ-
ñëîåííûå F-àëãåáðû. Ìû áóäåì íàçûâàòü ìîðèçì ðàññëîåíèé
f : A → A′
ãîìîìîðèçìîì ðàññëîåííûõ F-àëãåáð, åñëè ñîîòâåòñòâóþùåå îòîáðàæå-
íèå ñëî¼â
fx : Ax → A
′
x′
ÿâëÿåòñÿ ãîìîìîðèçìîì F-àëãåáðû A. 
Îïðåäåëåíèå 4.8. Ïóñòü p[A] : A //___ M è p′[A′] : A′ //___ M ′ - äâå ðàñ-
ñëîåííûå F-àëãåáðû. Ìû áóäåì íàçûâàòü ãîìîìîðèçì ðàññëîåííûõ F-àëãåáð
f èçîìîðèçìîì ðàññëîåííûõ F-àëãåáð, åñëè ñîîòâåòñòâóþùåå îòîáðàæå-
íèå ñëî¼â
fx : Ax → A
′
x′
ÿâëÿåòñÿ èçîìîðèçìîì F-àëãåáðû A. 
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Îïðåäåëåíèå 4.9. Ïóñòü p[A] : A //___ M - ðàññëîåííàÿ F-àëãåáðà è A′ -
F-ïîäàëãåáðà F-àëãåáðû A. àññëîåííàÿ F-àëãåáðà p[A′] : A′ //___ M ÿâëÿ-
åòñÿ ðàññëîåííîé F-ïîäàëãåáðîé ðàññëîåííîé F-àëãåáðû p[A], åñëè ãîìî-
ìîðèçì ðàññëîåííûõ F-àëãåáð A′ → A ÿâëÿåòñÿ âëîæåíèåì ñëî¼â. 
Âàæíûì îáñòîÿòåëüñòâîì â ýòîì îïðåäåëåíèè ÿâëÿåòñÿ ãîìîìîðèçì ðàñ-
ñëîåííûõ F-àëãåáð. Åñëè ìû ïðîñòî îãðàíè÷èìñÿ àêòîì ñóùåñòâîâàíèÿ F-
ïîäàëãåáðû â êàæäîì ñëîå, òî ìû ìîæåì ðàçðóøèòü íåïðåðûâíîñòü.
Ìû îïðåäåëèëè îïåðàöèþ íà áàçå ïðèâåäåííîãî äåêàðòîâà ïðîèçâåäåíèÿ
ðàññëîåíèé. Åñëè ìû îïðåäåëèì îïåðàöèþ íà áàçå äåêàðòîâà ïðîèçâåäåíèÿ
ðàññëîåíèé, òî îïåðàöèÿ áóäåò îïðåäåëåíà äëÿ ëþáûõ ýëåìåíòîâ ðàññëîåíèÿ.
Îäíàêî, åñëè p(ai) = p(bi), i = 1, ..., n, òî p(ω(a1, ..., an)) = p(ω(b1, ..., bn)). Ñëå-
äîâàòåëüíî, îïåðàöèÿ îïðåäåëåíà ìåæäó ñëîÿìè è ïîñðåäñòâîì ïðîåêöèè ïåðå-
íîñèòñÿ íà áàçó. Ýòà êîíñòðóêöèÿ íå îòëè÷àåòñÿ îò àêòîðèçàöèè F-àëãåáðû è
íå ñîçäà¼ò íîâûé ýëåìåíò â òåîðèè ðàññëîåíèé. Â òî æå âðåìÿ ýòà êîíñòðóêöèÿ
äîâîëüíî ïðîáëåìàòè÷íà ñ òî÷êè çðåíèÿ ïåðåõîäà ìåæäó ðàçëè÷íûìè êàðòàìè
ðàññëîåíèÿ è âîçìîæíîñòè îïðåäåëåíèÿ îïåðàöèè íàä ñå÷åíèÿìè.
5. Ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû
Îïðåäåëåíèå 5.1. Ìû áóäåì íàçûâàòü ìîðèçì ðàññëîåíèé
t : E → E
ïðåîáðàçîâàíèåì ðàññëîåíèÿ, åñëè ñîîòâåòñòâóþùåå îòîáðàæåíèå ñëî¼â
tx : Ex → Ex
ÿâëÿåòñÿ ïðåîáðàçîâàíèåì ñëîÿ. 
Òåîðåìà 5.2. Ïóñòü U - îòêðûòîå ìíîæåñòâî áàçû M , íà êîòîðîì ñóùå-
ñòâóåò òðèâèàëèçàöèÿ ðàññëîåíèÿ p[E]. Ïóñòü t - ïðåîáðàçîâàíèå ðàññëîåíèÿ
p[E]. Ïóñòü x ∈ M è p′ = tx(p) â ñëîå Ex. Òîãäà äëÿ îòêðûòîãî ìíîæåñòâà
V ⊆ M , x ∈ V è äëÿ îòêðûòîãî ìíîæåñòâà W ′ ⊆ E, p′ ∈ W ′ ñóùåñòâó-
åò îòêðûòîå ìíîæåñòâî W ⊆ E, òàêîå, ÷òî åñëè x1 ∈ V , p1 ∈ W , òî
p′1 = tx1(p1) ∈ W .
Äîêàçàòåëüñòâî. Ñîãëàñíî [8℄, ñòð. 58, ìíîæåñòâà âèäà V ×W , ãäå V ïðèíàä-
ëåæèò áàçèñó òîïîëîãèè ïðîñòðàíñòâà U è W ïðèíàäëåæèò áàçèñó òîïîëîãèè
ïðîñòðàíñòâà E, îáðàçóþò áàçèñ òîïîëîãèè ïðîñòðàíñòâà E .
Òàê êàê îòîáðàæåíèå t íåïðåðûâíî, òî äëÿ îòêðûòîãî ìíîæåñòâà V ×W ′
ñóùåñòâóåò îòêðûòîå ìíîæåñòâî V ×W òàêîå, ÷òî t(V ×W ) ⊆ V ×W ′. Ýòî è
åñòü ñîäåðæàíèå òåîðåìû. 
Òåîðåìà 5.3. Ïðåîáðàçîâàíèåì ðàññëîåíèÿ p[E] îòîáðàæàåò ñå÷åíèå â ñå÷å-
íèå.
Äîêàçàòåëüñòâî. Îáðàç ñå÷åíèÿ s ïðè ïðåîáðàçîâàíèè t îïðåäåë¼í èç êîììó-
òàòèâíîñòè äèàãðàììû
E
t // E
M
s
``
s′
>>
Íåïðåðûâíîñòü îòîáðàæåíèÿ s′ ñëåäóåò èç òåîðåìû 5.2. 
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Îïðåäåëåíèå 5.4. Ïðåîáðàçîâàíèå ðàññëîåíèÿ íàçûâàåòñÿ ëåâîñòîðîííèì
ïðåîáðàçîâàíèåì èëè T⋆-ïðåîáðàçîâàíèåì ðàññëîåíèÿ, åñëè îíî äåé-
ñòâóåò ñëåâà
u′ = tu
Ìû áóäåì îáîçíà÷àòü
⋆E èëè ⋆p[E] ìíîæåñòâî íåâûðîæäåííûõ T⋆-ïðåîáðàçî-
âàíèé ðàññëîåíèÿ p[E]. 
Îïðåäåëåíèå 5.5. Ïðåîáðàçîâàíèå íàçûâàåòñÿ ïðàâîñòîðîííèì ïðåîáðà-
çîâàíèåì èëè ⋆T -ïðåîáðàçîâàíèåì ðàññëîåíèÿ, åñëè îíî äåéñòâóåò ñïðàâà
u′ = ut
Ìû áóäåì îáîçíà÷àòü E⋆ èëè p[E]⋆ ìíîæåñòâî ⋆T -íåâûðîæäåííûõ ïðåîáðàçî-
âàíèé ðàññëîåíèÿ p[A]. 
Ìû áóäåì îáîçíà÷àòü e òîæäåñòâåííîå ïðåîáðàçîâàíèå ðàññëîåíèÿ.
Òàê êàê T⋆-ïðåîáðàçîâàíèåì ðàññëîåíèÿ îïðåäåëåíî ïîñëîéíî, òî ìíîæåñòâî
⋆p[E] ÿâëÿåòñÿ ðàññëîåíèåì, èçîìîðíûì ðàññëîåíèþ p[⋆E].
Îïðåäåëåíèå 5.6. Ïóñòü íà ìíîæåñòâå
⋆p[A] îïðåäåëåíà ñòðóêòóðà ðàññëîåí-
íîé F-àëãåáðû ([2℄). Ïóñòü p[B] ÿâëÿåòñÿ ðàññëîåííîé F-àëãåáðîé. Ìû áóäåì
íàçûâàòü ãîìîìîðèçì ðàññëîåííûõ F-àëãåáð
(5.1) f : p[B]→ ⋆p[A]
ëåâîñòîðîííèì ïðåäñòàâëåíèåì èëè T⋆-ïðåäñòàâëåíèåì ðàññëîåííîé
F-àëãåáðû p[B]. 
Îïðåäåëåíèå 5.7. Ïóñòü íà ìíîæåñòâå p[A]⋆ îïðåäåëåíà ñòðóêòóðà ðàññëîåí-
íîé F-àëãåáðû ([2℄). Ïóñòü p[B] ÿâëÿåòñÿ ðàññëîåííîé F-àëãåáðîé. Ìû áóäåì
íàçûâàòü ãîìîìîðèçì ðàññëîåííûõ F-àëãåáð
f : p[B]→ p[A]⋆
ïðàâîñòîðîííèì ïðåäñòàâëåíèåì èëè ⋆T -ïðåäñòàâëåíèåì ðàññëîåííîé
F-àëãåáðû p[B]. 
Ìû ðàñïðîñòðàíèì íà òåîðèþ ðàññëîåííûõ ïðåäñòàâëåíèé ñîãëàøåíèå, îïè-
ñàííîå â çàìå÷àíèè [3℄-2.2.14. Ìû ìîæåì çàïèñàòü ïðèíöèï äâîéñòâåííîñòè â
ñëåäóþùåé îðìå
Òåîðåìà 5.8 (ïðèíöèï äâîéñòâåííîñòè). Ëþáîå óòâåðæäåíèå, ñïðàâåäëèâîå
äëÿ T⋆-ïðåäñòàâëåíèÿ ðàññëîåííîé F-àëãåáðû p[A], áóäåò ñïðàâåäëèâî äëÿ ⋆T -
ïðåäñòàâëåíèÿ ðàññëîåííîé F-àëãåáðû p[A].
Ñóùåñòâóåò äâà ñïîñîáà îïðåäåëèòü T⋆-ïðåäñòàâëåíèå F-àëãåáðû B â ðàñ-
ñëîåíèè p[A]. Ìû ìîæåì îïðåäåëèòü îïðåäåëèòü T⋆-ïðåäñòàâëåíèå â ñëîå, ëèáî
îïðåäåëèòü T⋆-ïðåäñòàâëåíèå íà ìíîæåñòâå Γ(p[A]). Â ïåðâîì ñëó÷àå ïðåäñòàâ-
ëåíèå îïðåäåëÿåò îäíî è òî æå ïðåîáðàçîâàíèå âî âñåõ ñëîÿõ. Âî âòîðîì ñëó÷àå
êàðòèíà ìåíåå îãðàíè÷åíà, îäíàêî îíà íå äà¼ò ïîëíîé êàðòèíû ðàçíîîáðàçèÿ
ïðåäñòàâëåíèé â ðàññëîåíèè. Êîãäà ìû ðàññìàòðèâàåì ïðåäñòàâëåíèå ðàññëî-
åííîé F-àëãåáðû, ìû ñðàçó îãîâàðèâàåì, ÷òî ïðåîáðàçîâàíèÿ â ðàçíûõ ñëî-
ÿõ íåçàâèñèìû. Òðåáîâàíèå íåïðåðûâíîé çàâèñèìîñòè ïðåîáðàçîâàíèÿ îò ñëîÿ
íàêëàäûâàåò äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà T⋆-ïðåäñòàâëåíèå ðàññëîåííîé
F-àëãåáðû. Â òî æå âðåìÿ ýòî îãðàíè÷åíèå ïîçâîëÿåò èçó÷àòü ïðåäñòàâëåíèÿ
ðàññëîåííûõ F-àëãåáð, êîãäà â ñëîå îïðåäåëåíà F-àëãåáðà, ïàðàìåòðû êîòîðîé
(íàïðèìåð, ñòðóêòóðíûå êîíñòàíòû ãðóïïû Ëè) íåïðåðûâíî çàâèñÿò îò ñëîÿ.
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Çàìå÷àíèå 5.9. Íà ÿçûêå äèàãðàìì îïðåäåëåíèå 5.6 îçíà÷àåò ñëåäóþùåå.
E E ′
p′   B
B
B
B
ϕ // E ′
p′~~|
|
|
|
M
α
OO
F // M ′
8@
Îòîáðàæåíèå F - èíúåêöèÿ. Òàê êàê ìû îæèäàåì, ÷òî ïðåäñòàâëåíèå ðàññëî-
åííîé F-àëãåáðû äåéñòâóåò â êàæäîì ñëîå, òî ìû âèäèì, ÷òî îòîáðàæåíèå
F - áèåêöèÿ. Íå íàðóøàÿ îáùíîñòè, ìû ìîæåì ïîëîæèòü, ÷òî M = M ′ è
îòîáðàæåíèå F - òîæäåñòâåííîå îòîáðàæåíèå. Ìû áóäåì ãîâîðèòü, ÷òî çàäàíî
ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû p[B] â ðàññëîåíèè p[A] íàä ìíîæåñòâîì
M . Ïîñêîëüêó áàçà ðàññëîåíèÿ èçâåñòíà, òî, ÷òîáû íå ïåðåãðóæàòü äèàãðàììó
äåòàëÿìè, ìû áóäåì îïèñûâàòü ïðåäñòàâëåíèå ñ ïîìîùüþ äèàãðàììû
E E ′
ϕ // E ′
M
α
OO
:B

Îïðåäåëåíèå 5.10. Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-àë-
ãåáðû p[B] ýåêòèâíûì, åñëè îòîáðàæåíèå (5.1) - èçîìîðèçì ðàññëîåííîé
F-àëãåáðû p[B] â ⋆p[A]. 
Çàìå÷àíèå 5.11. Åñëè T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû ýåêòèâíî,
ìû ìîæåì îòîæäåñòâëÿòü ýëåìåíò ðàññëîåííîé F-àëãåáðû ñ åãî îáðàçîì è çà-
ïèñûâàòü T⋆-ïðåîáðàçîâàíèå, ïîðîæä¼ííîå ýëåìåíòîì a ∈ A, â îðìå
v′ = av
Åñëè ⋆T -ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû ýåêòèâíî, ìû ìîæåì îòîæ-
äåñòâëÿòü ýëåìåíò F-àëãåáðû ñ åãî îáðàçîì è çàïèñûâàòü ⋆T -ïðåîáðàçîâàíèå,
ïîðîæä¼ííîå ýëåìåíòîì a ∈ A, â îðìå
v′ = va

Îïðåäåëåíèå 5.12. Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-
àëãåáðû òðàíçèòèâíûì, åñëè äëÿ ëþáûõ a, b ∈ V ñóùåñòâóåò òàêîå g, ÷òî
a = f(g)b
Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû îäíîòðàíçè-
òèâíûì, åñëè îíî òðàíçèòèâíî è ýåêòèâíî. 
Òåîðåìà 5.13. T⋆-ïðåäñòàâëåíèå îäíîòðàíçèòèâíî òîãäà è òîëüêî òîãäà,
êîãäà äëÿ ëþáûõ a, b ∈ M ñóùåñòâóåò îäíî è òîëüêî îäíî g ∈ A òàêîå, ÷òî
a = f(g)b
14
Àëåêñàíäð Êëåéí
àññëîåííàÿ F-àëãåáðà
Äîêàçàòåëüñòâî. Ñëåäñòâèå îïðåäåëåíèé 5.10 è 5.12. 
6. Ïðåäñòàâëåíèå ðàññëîåííîé ãðóïïû
Îïðåäåëåíèå 6.1. Ïóñòü p[G] : G //___ M è p′[G′] : G′ //___ M ′ - äâå ðàñ-
ñëîåííûå ãðóïïû. Ìû áóäåì íàçûâàòü ìîðèçì ðàññëîåíèé
f : G → G′
ãîìîìîðèçìîì ðàññëîåííûõ ãðóïï, åñëè ñîîòâåòñòâóþùåå îòîáðàæåíèå
ñëî¼â
fx : Gx → G
′
x′
ÿâëÿåòñÿ ãîìîìîðèçìîì ãðóïï. 
Îïðåäåëåíèå 6.2. Ïóñòü p[G] : G //___ M è p′[G′] : G′ //___ M ′ - äâå ðàñ-
ñëîåííûå ãðóïïû. Ìû áóäåì íàçûâàòü ìîðèçì ðàññëîåíèé
f : G → G′
àíòèãîìîìîðèçìîì ðàññëîåííûõ ãðóïï, åñëè ñîîòâåòñòâóþùåå îòîáðà-
æåíèå ñëî¼â
fx : Gx → G
′
x′
ÿâëÿåòñÿ àíòèãîìîìîðèçìîì ãðóïï. 
Îïðåäåëåíèå 6.3. Ïóñòü p[G] - ðàññëîåííàÿ ãðóïïà. Ìû áóäåì íàçûâàòü îòîá-
ðàæåíèå
(6.1) f : p[G]→ ⋆p[A]
T⋆-ïðåäñòàâëåíèåì ðàññëîåííîé ãðóïïû p[G] â ðàññëîåíèè p[A], åñëè îòîá-
ðàæåíèå f óäîâëåòâîðÿåò óñëîâèÿì
(6.2) f(ab)µ = f(a)(f(b)µ)
(6.3) f(ǫ) = e

Îïðåäåëåíèå 6.4. Ïóñòü p[G] - ðàññëîåííàÿ ãðóïïà. Ìû áóäåì íàçûâàòü îòîá-
ðàæåíèå
(6.4) f : p[G]→ p[A]⋆
⋆T -ïðåäñòàâëåíèåì ðàññëîåííîé ãðóïïû p[G] â ðàññëîåíèè p[A], åñëè îòîá-
ðàæåíèå f óäîâëåòâîðÿåò óñëîâèÿì
(6.5) µf(ab) = (µf(a))f(b)
(6.6) f(ǫ) = e

Òåîðåìà 6.5. Äëÿ ëþáîãî a ∈ p[G]
(6.7) f(a−1) = f(a)−1
Äîêàçàòåëüñòâî. Íà îñíîâàíèè (6.2) è (6.3), ìû ìîæåì çàïèñàòü
µ = eµ = f(aa−1)µ = f(a)(f(a−1)µ)
Ýòî çàâåðøàåò äîêàçàòåëüñòâî. 
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Òåîðåìà 6.6. Ïóñòü
⋆p[A] - ðàññëîåííàÿ ãðóïïà îòíîñèòåëüíî óìíîæåíèÿ
(6.8) (t1t2)µ = t1(t2µ)
è e - åäèíèöà ðàññëîåííîé ãðóïïû ⋆p[A]. Åñëè îòîáðàæåíèå (6.1) ÿâëÿåòñÿ
ãîìîìîðèçìîì ðàññëîåííûõ ãðóïï
(6.9) f(ab) = f(a)f(b)
òî ýòî îòîáðàæåíèå ÿâëÿåòñÿ ïðåäñòàâëåíèåì ðàññëîåííîé ãðóïïû p[G], êî-
òîðîå ìû áóäåì íàçûâàòü êîâàðèàíòíûì T⋆-ïðåäñòàâëåíèåì ðàññëîåí-
íîé ãðóïïû.
Äîêàçàòåëüñòâî. Òàê êàê f - ãîìîìîðèçì ðàññëîåííûõ ãðóïï, òî f(ǫ) = e.
Ñîãëàñíî (6.8) è (6.9)
f(ab)µ = (f(a)f(b))µ = f(a)(f(b)µ)
Ñîãëàñíî îïðåäåëåíèþ 6.3 f ÿâëÿåòñÿ ïðåäñòàâëåíèåì ðàññëîåííîé ãðóïïû.

Êîâàðèàíòíîå T⋆-ïðåäñòàâëåíèå ðàññëîåííîé ãðóïïû íà ðàññëîåíèè ìîæåò
áûòü ïðåäñòàâëåíî äèàãðàììîé
E
f(ab)

f(a)
xxqqq
qqq
qqq
qqq
q
E
f(b)
&&MM
MMM
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MM
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⊙ !)
M
a
>>
b
``
id // M
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Òåîðåìà 6.7. Ïóñòü
⋆p[A] - ðàññëîåííàÿ ãðóïïà îòíîñèòåëüíî óìíîæåíèÿ
(6.10) (t2t1)µ = t1(t2µ)
è e - åäèíèöà ðàññëîåííîé ãðóïïû ⋆p[A]. Åñëè îòîáðàæåíèå (6.1) ÿâëÿåòñÿ
àíòèãîìîìîðèçìîì ðàññëîåííûõ ãðóïï
(6.11) f(ba) = f(a)f(b)
òî ýòî îòîáðàæåíèå ÿâëÿåòñÿ ïðåäñòàâëåíèåì ðàññëîåííîé ãðóïïû p[G], êî-
òîðîå ìû áóäåì íàçûâàòü êîíòðàâàðèàíòíûì T⋆-ïðåäñòàâëåíèåì ðàñ-
ñëîåííîé ãðóïïû.
Äîêàçàòåëüñòâî. Òàê êàê f - àíòèãîìîìîðèçì ðàññëîåííûõ ãðóïï, òî f(ǫ) =
e.
Ñîãëàñíî (6.10) è (6.11)
f(ab)µ = (f(b)f(a))µ = f(a)(f(b)µ)
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Ñîãëàñíî îïðåäåëåíèþ 6.3 f ÿâëÿåòñÿ ïðåäñòàâëåíèåì ðàññëîåííîé ãðóïïû.

Ïðèìåð 6.8. ðóïïîâàÿ îïåðàöèÿ íà ðàññëîåíèè ãðóïï îïðåäåëÿåò äâà ðàç-
ëè÷íûõ ïðåäñòàâëåíèÿ íà ðàññëîåíèè ãðóïï: T⋆-ñäâèã íà ðàññëîåíèè ãðóïï,
êîòîðûé ìû îïðåäåëÿåì ðàâåíñòâîì
(6.12) b′ = a ⋆ b = ab
è ⋆T -ñäâèã íà ðàññëîåíèè ãðóïï, êîòîðûé ìû îïðåäåëÿåì ðàâåíñòâîì
(6.13) b′ = b ⋆ a = ba

Ïðèìåð 6.9. Ïóñòü p[GL] ðàññëîåíèå íàä îñüþ âåùåñòâåííûõ ÷èñåë. Çàäàâ-
øèñü ìàòðèöåé A, ìû ìîæåì îïðåäåëèòü ñå÷åíèå a(t) = exp(tA), è ýòî ñå÷åíèå
áóäåò ïîðîæäàòü ñîîòâåòñòâóþùèé T⋆-ñäâèã.
Îïðåäåëåíèå 6.10. Ïóñòü f - ïðåäñòàâëåíèåì ðàññëîåííîé ãðóïïû p[G] â ðàñ-
ñëîåíèè p[A]. Äëÿ ëþáîãî ñå÷åíèÿ u ðàññëîåíèÿ p[A] ìû îïðåäåëèì åãî îðáèòó
ïðåäñòàâëåíèÿ ðàññëîåííîé ãðóïïû êàê ìíîæåñòâî
O(u, g ∈ Γ(p[G]), f(g)u) = {v = f(g)u : g ∈ Γ(p[G])}

u ∈ O(u, g ∈ Γ(p[G]), f(g)u), òàê êàê f(ǫ) = e.
Òåîðåìà 6.11. Åñëè
(6.14) v ∈ O(u, g ∈ Γ(p[G]), f(g)u)
òî
O(u, g ∈ Γ(p[G]), f(g)u) = O(v, g ∈ Γ(p[G]), f(g)v)
Äîêàçàòåëüñòâî. Èç (6.14) ñëåäóåò ñóùåñòâîâàíèå µ ∈ Γ(p[G]) òàêîãî, ÷òî
(6.15) v = f(µ)u
Åñëè δ ∈ O(v, g ∈ Γ(p[G]), f(g)v), òî ñóùåñòâóåò ν ∈ Γ(p[G]) òàêîé, ÷òî
(6.16) δ = f(ν)v
Ïîäñòàâèâ (6.15) â (6.16), ìû ïîëó÷èì
(6.17) δ = f(ν)f(µ)u
Íà îñíîâàíèè (6.2) èç (6.17) ñëåäóåò, ÷òî δ ∈ O(u, g ∈ Γ(p[G]), f(g)u). Òàêèì
îáðàçîì,
O(v, g ∈ Γ(p[G]), f(g)v) ⊆ O(u, g ∈ Γ(p[G]), f(g)u)
Íà îñíîâàíèè (6.7) èç (6.15) ñëåäóåò, ÷òî
(6.18) u = f(µ)−1v = f(µ−1)v
àâåíñòâî (6.18) îçíà÷àåò, ÷òî u ∈ O(v, g ∈ Γ(p[G]), f(g)v) è, ñëåäîâàòåëüíî,
O(u, g ∈ Γ(p[G]), f(g)u) ⊆ O(v, g ∈ Γ(p[G]), f(g)v)
Ýòî çàâåðøàåò äîêàçàòåëüñòâî. 
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Äîïóñòèì, ÷òî îïðåäåëåíî ïðåäñòàâëåíèå ãðóïïû G íà ðàññëîåíèè
p[A] : E //___ M
Åñëè ìû ãîâîðèì, ÷òî ïðåäñòàâëåíèå òðàíçèòèâíî, òî ýòî îçíà÷àåò, ÷òî îðáèòà
òî÷êè - ýòî âñ¼ ìíîãîîáðàçèå E . Â ñëó÷àå ïðåäñòàâëåíèÿ ðàññëîåííîé ãðóïïû
p[G] îðáèòà òî÷êè ÿâëÿåòñÿ ñëîåì, ñîäåðæàùèì ýòó òî÷êó.
Òåîðåìà 6.12. Åñëè îïðåäåëåíû ïðåäñòàâëåíèå f1 ðàññëîåííîé ãðóïïû p[G]
â ðàññëîåíèè p[A1] è ïðåäñòàâëåíèå f2 ðàññëîåííîé ãðóïïû p[G] â ðàññëîåíèè
p[A2], òî ìû ìîæåì îïðåäåëèòü ïðÿìîå ïðîèçâåäåíèå ïðåäñòàâëåíèé f1
è f2 ðàññëîåííîé ãðóïïû p[G]
f = f1 ⊗ f2 : p[G]→ p[A1]⊗ p[A2]
f(g) = (f1(g), f2(g))
Äîêàçàòåëüñòâî. ×òîáû ïîêàçàòü, ÷òî f ÿâëÿåòñÿ ïðåäñòàâëåíèåì, äîñòàòî÷íî
ïîêàçàòü, ÷òî f óäîâëåòâîðÿåò îïðåäåëåíèþ 6.3.
f(e) = (f1(e), f2(e)) = (e1, e2) = e
f(ab)u = (f1(ab)u1, f2(ab)u2)
= (f1(a)(f1(b)u1), f2(a)(f2(b)u2))
= f(a)(f1(b)u1, f2(b)u2)
= f(a)(f(b)u)

7. Îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå
Îïðåäåëåíèå 7.1. Ìû áóäåì íàçûâàòü ÿäðîì íåýåêòèâíîñòè ïðåä-
ñòàâëåíèÿ ðàññëîåííîé ãðóïïû p[G] ìíîæåñòâî
Kf = {g ∈ Γ(p[G]) : f(g) = e}
Åñëè Kf = {e}, ìû áóäåì íàçûâàòü ïðåäñòàâëåíèå ðàññëîåííîé ãðóïïû G ý-
åêòèâíûì. 
Òåîðåìà 7.2. ßäðî íåýåêòèâíîñòè - ýòî ïîäãðóïïà ðàññëîåííîé ãðóïïû G.
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî íå çàâèñèò îò òèïà ïðåäñòàâëåíèÿ, êîòîðîå
ìû èñïîëüçóåì: êîâàðèàíòíîå èëè êîíòðàâàðèàíòíîå. Ïóñòü f - êîâàðèàíòíîå
ïðåäñòàâëåíèå è f(a1) = δ è f(a2) = δ. Òîãäà
f(a1a2) = f(a1)f(a2) = δ
f(a−1) = f−1(a) = δ

Òåîðåìà 7.3. Ïðåäñòàâëåíèå îäíîòðàíçèòèâíî òîãäà è òîëüêî òîãäà, êîãäà
äëÿ ëþáûõ a, b ∈ Γ(p[A]) ñóùåñòâóåò îäíî è òîëüêî îäíî g ∈ p[G] òàêîå, ÷òî
a = f(g)b
Äîêàçàòåëüñòâî. Óòâåðæäåíèå ÿâëÿåòñÿ ñëåäñòâèåì îïðåäåëåíèé 5.10 è 7.1 è
òåîðåìû 7.2. 
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Îïðåäåëåíèå 7.4. Ìû áóäåì íàçûâàòü ðàññëîåíèå p[A] îäíîðîäíûì ðàñ-
ñëîåíèåì ðàññëîåííîé ãðóïïû p[G], åñëè ìû èìååì îäíîòðàíçèòèâíîå ïðåä-
ñòàâëåíèå ðàññëîåííîé ãðóïïû p[G] íà p[A]. 
Òåîðåìà 7.5. Åñëè ìû îïðåäåëèì îäíîòðàíçèòèâíîå T⋆-ïðåäñòàâëåíèå f ðàñ-
ñëîåííîé ãðóïïû p[G] â ðàññëîåíèè p[A], òî ìû ìîæåì îäíîçíà÷íî îïðåäåëèòü
êîîðäèíàòû íà p[A], ïîëüçóÿñü êîîðäèíàòàìè íà ðàññëîåííîé ãðóïïå p[G].
Åñëè f - êîâàðèàíòíîå îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå, òî f(a) ýêâè-
âàëåíòíî ëåâîìó ñäâèãó a⋆ íà ðàññëîåííîé ãðóïïå p[G]. Åñëè f = êîíòðàâà-
ðèàíòíîå îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå, òî f(a) ýêâèâàëåíòíî ïðàâîìó
ñäâèãó ⋆a íà ðàññëîåííîé ãðóïïå p[G].
Äîêàçàòåëüñòâî. Ïðåäñòàâëåíèå ðàññëîåííîé ãðóïïû p[G] â ðàññëîåíèè p[A]
îäíîòðàíçèòèâíî òîãäà è òîëüêî òîãäà, êîãäà îäíîòðàíçèòèâíî ïðåäñòàâëåíèå
ãðóïïû G íà ñëîå Ax äëÿ ëþáîãî x. Äîïóñòèì ïðåäñòàâëåíèå f ðàññëîåííîé
ãðóïïû p[G] - êîâàðèàíòíîå îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå. Ïóñòü u, v - ñå-
÷åíèÿ ðàññëîåíèÿ p[A]. Âûáðàâ ïðîèçâîëüíûé x, ìû íàéä¼ì ñîãëàñíî òåîðåìå
[3℄-3.4.5 åäèíñòâåííûé ýëåìåíò gx ∈ G òàêîé, ÷òî
u(x) = f(gx)v(x) = gxv(x)
Òàêèì îáðàçîì, îòîáðàæåíèå x → gx ÿâëÿåòñÿ èñêîìûì ñå÷åíèåì ðàññëîåíèÿ
ãðóïï p[G].
Àíàëîãè÷íî äîêàçûâàåòñÿ óòâåðæäåíèå äëÿ êîíòðàâàðèàíòíîãî îäíîòðàíçè-
òèâíîãî ïðåäñòàâëåíèÿ.
×òîáû äîêàçàòü ïåðâîå óòâåðæäåíèå, ìû äîëæíû âûäåëèòü êàðòó íà ìíî-
ãîîáðàçèèM , ãäå îáà ðàññëîåíèÿ òðèâèàëüíû. Â ýòîì ñëó÷àå, ìû ìîæåì ïðåä-
ñòàâèòü êîîðäèíàòû òî÷êè u ∈ p[A] êàê óïîðÿäî÷åííóþ ïàðó êîîðäèíàò (x, y),
ãäå x - êîîðäèíàòû ïðîåêöèè íà ìíîãîîáðàçèå M , è y - êîîðäèíàòû òî÷êè â
ñëîå. Ìû ìîæåì ïðåäñòàâèòü êîîðäèíàòû òî÷êè a ∈ p[G] êàê óïîðÿäî÷åííóþ
ïàðó êîîðäèíàò (x, g), ãäå x - êîîðäèíàòû ïðîåêöèè íà ìíîãîîáðàçèå M , è g -
êîîðäèíàòû òî÷êè â ãðóïïå. Ñîîòâåòñòâåííî, êîîðäèíàòû ñå÷åíèÿ ðàññëîåíèÿ
p[A] - ýòî îòîáðàæåíèå y : M → A, è êîîðäèíàòû ñå÷åíèÿ ðàññëîåíèÿ p[G] - ýòî
îòîáðàæåíèå y : M → G.
Ìû âûáåðåì ñå÷åíèå v ∈ Γ(p[A]) è îïðåäåëèì êîîðäèíàòû ñå÷åíèÿ w ∈
Γ(p[A]) êàê êîîðäèíàòû a ∈ p[G] òàêîãî, ÷òî w = f(a)v. Êîîðäèíàòû, îïðåäå-
ë¼ííûå òàêèì îáðàçîì, îäíîçíà÷íû ñ òî÷íîñòüþ äî âûáîðà íà÷àëüíîãî ñå÷åíèÿ
v ∈ Γ(p[A]), òàê êàê äåéñòâèå ýåêòèâíî. 
Çàìå÷àíèå 7.6. Ìû áóäåì çàïèñûâàòü T⋆-êîâàðèàíòíîå ýåêòèâíîå ïðåäñòàâ-
ëåíèå ðàññëîåííîé ãðóïïû p[G] â îðìå
v′ = a ⋆ v = av
Îðáèòà ýòîãî ïðåäñòàâëåíèÿ èìååò âèä
p[G]v = p[G] ⋆ v

Çàìå÷àíèå 7.7. Ìû áóäåì çàïèñûâàòü ⋆T -êîâàðèàíòíîå ýåêòèâíîå ïðåäñòàâ-
ëåíèå ðàññëîåííîé ãðóïïû p[G] â îðìå
v′ = v ⋆ a = va
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Îðáèòà ýòîãî ïðåäñòàâëåíèÿ èìååò âèä
vp[G] = v ⋆ p[G]

Òåîðåìà 7.8. Ëåâûé è ïðàâûé ñäâèãè íà ðàññëîåííîé ãðóïïå p[G] ïåðåñòàíî-
âî÷íû.
Äîêàçàòåëüñòâî. Ýòî ñëåäñòâèå àññîöèàòèâíîñòè ðàññëîåííîé ãðóïïû p[G]
(a ⋆ ⋆b)c = a(cb) = (ac)b = (⋆b a⋆)c

Òåîðåìà 7.9. Åñëè ìû îïðåäåëèëè îäíîòðàíçèòèâíîå êîâàðèàíòíîå T⋆-ïðåä-
ñòàâëåíèå f ðàññëîåííîé ãðóïïû p[G] íà ðàññëîåíèè p[A], òî ìû ìîæåì îäíî-
çíà÷íî îïðåäåëèòü îäíîòðàíçèòèâíîå êîâàðèàíòíîå ⋆T -ïðåäñòàâëåíèå h ðàñ-
ñëîåííîé ãðóïïû p[G] íà ðàññëîåíèè p[A] òàêîå, ÷òî äèàãðàììà
G E
h(a) //
f(b)

E
f(b)

M
b
<<
a
bb
E
h(a)
// E
@H
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êîììóòàòèâíà äëÿ ëþáûõ a, b ∈ Γ(p[G]).
Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî f - îäíîòðàíçèòèâíîå êîâàðèàíòíîå T⋆-
ïðåäñòàâëåíèå. Â êàæäîì ñëîå Ax ïðåäñòàâëåíèå f îïðåäåëÿåò îäíîòðàíçèòèâ-
íîå êîâàðèàíòíîå T⋆-ïðåäñòàâëåíèå fx ãðóïïû G. Ñîãëàñíî òåîðåìå [3℄-3.4.10 â
ñëîå Ax îäíîçíà÷íî îïðåäåëåíî îäíîòðàíçèòèâíîå êîâàðèàíòíîå ⋆T -ïðåäñòàâ-
ëåíèå hx, ïåðåñòàíîâî÷íîå ñ ïðåäñòàâëåíèåì fx. Äëÿ ñå÷åíèÿ a ∈ Γ(p[G]) îïðå-
äåëåíî ñå÷åíèå
h(a) : x→ hx(a)
Îòîáðàæåíèå h ÿâëÿåòñÿ ãîìîìîðèçìîì ðàññëîåííûõ ãðóïï. 
Ìû áóäåì íàçûâàòü ïðåäñòàâëåíèÿ f è h ïàðíûìè ïðåñòàâëåíèÿìè ðàñ-
ñëîåííîé ãðóïïû p[G].
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